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Dedicated to Professor Yujiro Kawamata on the occasion of his 60-th birthday
Abstract. We show that any extremal contraction from a smooth
projective variety with dimension less than or equal to three ap-
pears as a moduli space of (semi)stable objects in the derived cat-
egory of coherent sheaves.
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1. Introduction
1.1. Motivation. Let X be a smooth projective variety over C. Re-
call that a Minimal Model Program (MMP) is a sequence of divisorial
contractions or flips
X = X0 99K X1 99K X2 99K · · · 99K XN = Xmin
such that Xmin is either a minimal model (i.e. KXmin is nef) or has
a Mori fiber space structure. In two dimensional case, the MMP is
just contracting (−1)-curves. In three dimensional case, the MMP is
completed in 1980’s by allowing some mild singularities on each Xi.
(cf. [22].) In a higher dimensional case, the MMP is known to exist
when Kodaira dimension of X is equal to the dimension of X . (cf. [7].)
On the other hand, a surprising relationship between MMP and de-
rived categories of coherent sheaves was found by Bondal and Orlov [9].
They observed a phenomena that the derived category gets smaller by
MMP, at least each Xi is smooth and birational map Xi 99K Xi+1 is a
standard one. This result was generalized by Bridgeland [10] for arbi-
trary three dimensional flops, and by Kawamata [20] for toroidal cases.
It is now an interesting research subject to see an interaction between
MMP and derived category.
1
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In this paper, we study a relationship between MMP and derived
category from the viewpoint of stability conditions and moduli spaces.
A relationship between MMP and stability conditions was first pointed
out in [30], in which flips appeared as a variation of GIT stability.
This relationship was also applied for the study of wall-crossing of
moduli spaces of sheaves [26]. The derived category appeared in this
context in [10], in which three dimensional flops were constructed as
moduli spaces of objects in the derived category. This result should
be interpreted that three dimensional flops are obtained as variations
of stability conditions in the derived category, and we expect that any
birational map which appears in MMP is always realized in this way.
Now there is a notion of stability conditions on derived categories by
Bridgeland [11], which provides a mathematical formulation of Dou-
glas’s Π-stability [15]. We address the following question in this paper:
Question 1.1. Is each Xi a moduli space of Bridgeland (semi)stable
objects in the derived category of X, and MMP is interpreted as wall-
crossing under a variation of Bridgeland stability conditions?
If the answer to the above question is true, then we are able to
analyze the geometry of each Xi, especially the minimal model Xmin,
from a categorical data of DbCoh(X). The purpose of this paper is to
answer the above question for the first step of MMP when dimX ≤ 3,
that is an extremal contraction. This is a birational morphism
f : X → Y(1)
such that Y is a normal projective variety, −KX is f -ample and the
relative Picard number of f is equal to one. When dimX = 2, then f
is just a contraction of a (−1)-curve. When dimX = 3, f contracts a
divisor D to a curve or point in Y , and it is classified by Mori [29].
1.2. Result for surfaces. We first study the case of dimX = 2.
Let us fix the notation: for a Bridgeland stability condition σ on
DbCoh(X), we denote by Mσ([Ox]) the set of isomorphism classes of
σ-semistable objects E with phase one, satisfying ch(E) = ch(Ox) for
x ∈ X . The following is the result for the surface case.
Theorem 1.2. (Theorem 3.16) Let X be a smooth projective surface
and f : X → Y an extremal contraction. Then there is a one parame-
ter family of Bridgeland stability conditions {σt}t∈(−1,1) on DbCoh(X)
satisfying the following:
• If t < 0, then X is the fine moduli space of σt-stable objects in
Mσt([Ox]).
• If t = 0, then Y is the coarse moduli space of S-equivalence
classes1 of objects in Mσt([Ox]).
1The notion of ‘S-equivalence’ is a direct analogue used in the study of moduli
of sheaves. See Definition 2.2.
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• If t > 0, then Y is the fine moduli space of σt-stable objects in
Mσt([Ox]).
The above result is based on the following expectation on the re-
lationship between the space of stability conditions and the nef cone
of X : let us consider the subset of the space of Bridgeland stability
conditions (Z,A) so that all the skyscraper sheaves Ox are stable of
phase one. (We call it a geometric chamber.) Then ImZ restricted
to the curve classes determines an ample class on X , by the argument
of [12, Lemma 10.1]. So the geometric chamber is closely related to
the ample cone of X . Now if we consider the boundary of the nef cone
given by the pull-back of the ample cone of Y , we expect that there
is a corresponding boundary of the geometric chamber in the space of
stability conditions. If this is true, it would be interesting to investi-
gate the wall-crossing phenomena of the moduli spaces of (semi)stable
objects after crossing the above boundary (wall).
Indeed, the stability conditions σt for t < 0 are contained in the
geometric chamber constructed by Arcara and Bertram [1], and σ0 lies
at its boundary corresponding to the pull-back of the ample cone of Y
to X . The stability conditions σt for t > 0 are obtained by crossing
the boundary at σ0, although it is not clear how to describe them
explicitly. Now Theorem 1.3 answers Question 1.1 for the contraction
f : X → Y : it is realized by crossing the wall given by the boundary
of the geometric chamber.
More precisely, the one parameter family {σt}t∈(−1,1) is constructed
as follows: we first construct σ0 to be a pair
σ0 = (Zf∗ω,Bf∗ω)
for an ample divisor ω on Y . The central charge Zf∗ω is given by
Zf∗ω(E) = −
∫
X
e−if
∗ω ch(E),(2)
and the heart Bf∗ω is a tilting of the perverse heart Per(X/Y ) in the
sense of [10]. The tilting here is similar to the one constructed in [12],
[1] applied for Coh(X). Then we deform σ0 to a one parameter family
{σt}t∈(−1,1), so that any object Ox with x ∈ X becomes σt-stable for
t < 0, and any object Lf ∗Oy with y ∈ Y becomes σt-stable for t > 0.
The most serious technical issue is to show that σ0 satisfies the con-
dition which guarantees the existence of the deformation, formulated
as a support property. The key ingredient to prove the support prop-
erty is an analogue of Bogomolov-Gieseker (BG) inequality for certain
semistable objects in the perverse heart Per(X/Y ). By combining it
with the techniques developed in [3], [6], we establish the BG inequality
for σ0-semistable objects in Bf∗ω. By using the above BG inequality,
we are able to evaluate Chern characters of σ0-semistable objects, and
prove the support property for σ0.
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1.3. Result for 3-folds I: Derived equivalence. In the three di-
mensional case, the extremal contraction (1) is classified into the fol-
lowing five types [29]:
Type I: Y is smooth and f is a blow up at a smooth curve.
Type II: Y is smooth and f is a blow-up at a point.
Type III: Y has an ordinary double point, and f is a blow-up at
the singular point.
Type IV: Y has an orbifold singularity C3/(Z/2Z) and f is a blow-
up at the singular point.
Type V: Y has a cA2-singularity and f is a blow-up at the singular
point.
We begin the study of three dimensional case with the construction
of the perverse heart and relating it to a sheaf of non-commutative
algebras on Y . When f(D) is a curve, Van den Bergh [14] shows that
X is derived equivalent to a certain coherent OY -algebras A , and the
perverse heart in [10] corresponds to the category of right A -modules.
When f(D) is a point, we show that the previous result [34] on the local
construction of the perverse heart and a derived equivalence with non-
commutative algebras can be applied to our situation. By improving
the argument of [34], we show the following:
Theorem 1.3. (Theorem 4.5) Let X be a smooth projective 3-fold
and f : X → Y an extremal contraction. Then there is a vector bundle
E on X and a derived equivalence
Rf∗RHom(E , ∗) : DbCoh(X) ∼→ DbCoh(A ).(3)
Here A := f∗End(E) and Coh(A ) is the category of coherent right
A -modules on Y .
The construction of E in Theorem 1.3 is more concrete than the one
in [34], and we can explicitly study it. We note that it is not difficult to
construct E in types I and II: in type I, the result is contained in [14].
In type II, E is constructed by taking the direct sum of line bundles
associated to the exceptional divisor D ∼= P2, which restrict to a full
exceptional collection on D. However it is not obvious to construct E
in other cases:
• In types III and IV, there is a full exceptional collection of
line bundles on D, and their direct sum extends to a formal
neighborhood of D. However it does not necessary extend to
the whole space X .
• In type V, D is a singular quadric surface in P3, and there is no
full exceptional collection on it. In this case, the construction
of E is new even in a formal neighborhood of D.
Similarly to the surface case, there is a perverse heart Per(X/Y ) in
DbCoh(X) which corresponds to Coh(A ) under the derived equiva-
lence (3). The information of simple objects in Per(X/Y ) is required
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for the study of stability conditions, and the above result enables us to
describe them explicitly via the equivalence (3). In Proposition 4.14
and Proposition 4.21, we will give a complete description of these sim-
ple objects in Per(X/Y ).
1.4. Result for 3-folds II: Conjectural Bridgeland stability con-
ditions. In three dimensional case, we wish to realize a story similar to
Theorem 1.2, starting from Per(X/Y ) which corresponds to Coh(A )
under the equivalence (3). However, there is a serious issue in studying
Bridgeland stability conditions on 3-folds: we don’t even know whether
there is a Bridgeland stability condition on any projective 3-fold or not.
In [6], Bayer, Macri and the author constructed the heart of a bounded
t-structure on any projective 3-fold as a double tilting of Coh(X) which,
together with a suitable central charge, conjecturally gives a point in
the geometric chamber of the space of Bridgeland stability conditions.
As an analogy of the work [6], we construct a pair of the form
σB,f∗ω = (ZB,f∗ω,AB,f∗ω).(4)
Here the central charge ZB,f∗ω is of the form (2), replacing ch(E) by
e−B ch(E) where B is a Q-multiple of D. The heart AB,f∗ω is con-
structed as a double tilting of Per(X/Y ), similarly to the construction
in [6]. We conjecture that the pair (4) gives a Bridgeland stability
condition. In this case, the subcategory
PB,f∗ω(1) := {E ∈ AB,f∗ω : ImZB,f∗ω(E) = 0}
should be the category of σB,f∗ω-semistable objects of phase one. By
denotingMσB,f∗ω([Ox]) the set of isomorphism classes of E ∈ PB,f∗ω(1)
with ch(E) = ch(Ox) for x ∈ X , the result for 3-folds is formulated as
follows:
Theorem 1.4. (Theorem 5.21) Let X be a smooth projective 3-fold
and f : X → Y an extremal contraction. Then there is a conjectural
Bridgeland stability condition (4) with PB,f∗ω(1) finite length2 abelian
category, such that
• If f(D) is a curve, then Y is one of the irreducible components
of the coarse moduli space of S-equivalence classes of objects in
MσB,f∗ω([Ox]).
• If f(D) is a point, then Y is the coarse moduli space of S-
equivalence classes of objects in MσB,f∗ω([Ox]).
The finite length property of PB,f∗ω(1) is a necessary condition for
the pair (4) to give a Bridgeland stability condition, and required
to define S-equivalence classes of objects in PB,f∗ω(1). Also when
f(D) is a curve, the coarse moduli space contains another compo-
nent f(D) × f(D), so Y appears only as an irreducible component.
(cf. Remark 5.22.)
2This means that PB,f∗ω(1) is a noetherian and artinian abelian category.
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The pair (4) can be shown to give a Bridgeland stability condition
if a conjectural BG type inequality evaluating ch3, similar to the one
conjectured in [6], holds. (cf. Conjecture 5.9.) If this is true, then
Theorem 1.4 realizes Y as a moduli space of Bridgeland semistable
objects. The conjectural stability condition (4) should be in a boundary
of the conjectural geometric chamber constructed in [6]. So the pair
(4) is an analogue of σ0 in Theorem 1.2.
In types I and II, similarly to the surface case, the variety Y is likely
to be a fine moduli space, if we are able to deform σB,f∗ω. However in
other cases, the variety Y may not be regarded as a fine moduli space,
even if we deform σB,f∗ω. This is due to the fact that the object Lf
∗Oy
is not an object in DbCoh(X) for y ∈ Sing(Y ).
In order to show that the pair (4) satisfies the desired property, we
use a description of simple objects in Per(X/Y ), and investigate the
S-equivalence classes of objects in PB,f∗ω(1). The most difficult and
interesting case is the type V case, and the arguments will be focused
in this case.
1.5. Relation to existing works. There are several recent works re-
lating Bridgeland stability conditions and MMP. In [2], the MMP of the
Hilbert scheme of points in P2 is realized as a variation of Bridgeland
stability conditions on P2. In [4], the moduli spaces of generic Bridge-
land stability conditions on K3 surfaces are shown to be projective
varieties, and they are related by flops under variations of Bridgeland
stability conditions. The motivation of this paper is similar to these
works, but we concentrate on moduli spaces of objects whose numerical
class is equal to that of a skyscraper sheaf.
The Bridgeland stability conditions on arbitrary surfaces are con-
structed in [1]. In the works [27], [28], [35], [24], [25], the structure of
walls and wall-crossing phenomena with respect to these stability con-
ditions are studied. Our construction of σ0 is a generalization of the
construction in [1], and similar to the one in [27] for the perverse heart
on K3 surfaces. Its deformation σt for t > 0 provides a new example of
Bridgeland stability conditions on arbitrary non-minimal surfaces. It
would be interesting to study the moduli spaces of σt-semistable ob-
jects with arbitrary numerical classes, and investigate their behavior
under wall-crossing.
In the 3-fold case, the construction of E in Theorem 1.4 seems to
have an application of the minimal saturated triangulated category
associated to the singular variety. In type V contraction, the direct
summand of E tensored by a line bundle provides a local tilting gen-
erator of the saturated triangulated category DY constructed in [21].
(cf. Remark 4.10.) It would be interesting to study DY in terms of our
vector bundle E .
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1.6. Plan of the paper. In Section 2, we recall some background on
Bridgeland stability conditions. In Section 3, we prove Theorem 1.2.
In Section 4, we prove Theorem 1.3 and classify simple objects in the
perverse heart. In Section 5.1, we construct a conjectural Bridgeland
stability condition and prove Theorem 1.4.
1.7. Acknowledgement. The author is greatful to Arend Bayer for
valuable comments. The proof of Proposition 3.13 is benefited by
the communication with Emanuele Macri. This work is supported by
World Premier International Research Center Initiative (WPI initia-
tive), MEXT, Japan. This work is also supported by Grant-in Aid for
Scientific Research grant (22684002), and partly (S-19104002), from
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1.8. Notation and convention. In this paper, all the varieties are
defined over C. For a triangulated (or abelian) category D and a set
of objects S ⊂ D, we denote by 〈S〉 the smallest extension closed
subcategory of D which contains objects in S. For a sheaf of (not
necessary commutative) OY -algebras A on a variety Y , we denote by
Coh(A ) the abelian category of coherent right A -modules on Y . The
subcategory Coh≤i(A ) ⊂ Coh(A ) is the category of E ∈ Coh(A ) with
dimSupp(E) ≤ 1 as OY -module. For E ∈ DbCoh(X), we denoted by
Hi(E) the i-th cohomology sheaf of the complex E.
2. Background on stability conditions
In this section, we review the theory of stability conditions by Bridge-
land [11].
2.1. Definitions. Let X be a smooth projective variety and N(X)
the numerical Grothendieck group of X . This is the quotient of the
usual Grothendieck group K(X) by the subgroup of E ∈ K(X) with
χ(E, F ) = 0 for any F ∈ K(X), where χ(E, F ) is the Euler pairing
χ(E, F ) :=
∑
i∈Z
(−1)i dimExti(E, F ).
Definition 2.1. ([11]) A stability condition3 on X is a pair
(Z,A), A ⊂ DbCoh(X),(5)
where Z : N(X)→ C is a group homomorphism and A is the heart of
a bounded t-structure, such that the following conditions hold:
• For any non-zero E ∈ A, we have
Z(E) ∈ {r exp(iπφ) : r > 0, φ ∈ (0, 1]}.(6)
3A stability condition in Definition 2.1 was called numerical stability condition
in [11]. We omit ‘numerical’ since we do not deal with non-numerical stability
conditions.
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• (Harder-Narasimhan property) For any E ∈ A, there is a fil-
tration in A
0 = E0 ⊂ E1 ⊂ · · · ⊂ EN
such that each subquotient Fi = Ei/Ei−1 is Z-semistable with
argZ(Fi) > argZ(Fi+1).
Here an object E ∈ A is Z-(semi)stable if for any subobject 0 6=
F ( E we have
argZ(F ) < (≤) argZ(E).
The group homomorphism Z is called a central charge. In this paper,
the central charge is always of the form Z = ZB,ω:
ZB,ω(E) = −
∫
X
e−iω chB(E).(7)
Here B, ω are elements of H2(X,R) and
chB(E) := e−B ch(E) ∈ H∗(X,R)
is the twisted Chern character. If B = 0, we just write Zω := Z0,ω. By
setting d = dimX , ZB,ω(E) is written as∑
j≥0
(−1)j+1
(2j)!
ω2j chBd−2j(E) +
√−1
(∑
j≥0
(−1)j
(2j + 1)!
ω2j+1 chBd−2j−1(E)
)
.
2.2. Slicing. Given a stability condition σ = (Z,A), we can construct
subcategories P(φ) ⊂ DbCoh(X) for φ ∈ R as follows: if 0 < φ ≤ 1,
then P(φ) is defined by
P(φ) :=
{
E ∈ A : E is Z-semistable with
Z(E) ∈ R>0 exp(iπφ)
}
∪ {0}.
Other P(φ) are defined by the rule
P(φ+ 1) = P(φ)[1].
A family of subcategories {P(φ)}φ∈R forms a slicing in the sense of [11,
Definition 3.3]. As proved in [11, Proposition 5.3], giving a stability
condition is equivalent to giving a pair
(Z, {P(φ)}φ∈R),(8)
where {P(φ)}φ∈R is a slicing, Z : N(X)→ C is a group homomorphism
satisfying a certain axiom. (cf. [11, Definition 1.1].)
A non-zero object E ∈ P(φ) is called σ-semistable of phase φ. Each
subcategory P(φ) ⊂ DbCoh(X) is shown to be an abelian category,
and a simple object in P(φ) is called σ-stable. For an interval I ⊂ R,
we set
P(I) := 〈P(φ) : φ ∈ I〉.
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A stability condition (8) is called locally finite if for any φ ∈ R, there is
ǫ > 0 so that P((φ− ǫ, φ+ ǫ)) is of finite length, i.e. it is a noetherian
and artinian with respect to strict epimorphisms and strict monomor-
phisms. (cf. [11, Definition 5.7].) In particular each P(φ) is a finite
length abelian category.
In general if P is a finite length abelian category, any object F ∈ P
admits a Jordan-Ho¨lder filtration in P
0 = F0 ⊂ F1 ⊂ · · · ⊂ FN = F(9)
so that each subquotient Fi/Fi−1 is simple. We set
gr(F ) :=
N⊕
i=1
Fi/Fi−1 ∈ P.(10)
Although the filtration (9) is not unique, the object gr(F ) is uniquely
determined.
Definition 2.2. Let P be a finite length abelian category. Then F, F ′ ∈
P is called S-equivalent if there is an isomorphism gr(F ) ∼= gr(F ′).
2.3. The space of stability conditions. Let ‖∗‖ be a fixed norm on
N(X)R. It is useful (but often difficult to check) to put the following
additional condition on the pair (8):
Definition 2.3. A stability condition (8) satisfies the support property
if there is a positive constant C > 0 such that the following inequality
holds for any non-zero E ∈ ∪φ∈RP(φ):
‖E‖
|Z(E)| ≤ C.
The space of stability conditions is defined as follows:
Definition 2.4. (i) We define Stab†(X) to be the set of locally finite
stability conditions on DbCoh(X).
(ii) We define Stab(X) to be the set of stability conditions onDbCoh(X)
satisfying the support property.
It is easy to see that the local finiteness of the stability condition
follows from the support property, i.e. we have the inclusion
Stab(X) ⊂ Stab†(X).
As we will mention in Remark 2.6, the set Stab(X) has the better
property than Stab†(X). The following is Bridgeland’s main theorem.
Theorem 2.5. ([11, Theorem 1.2]) There is a natural topology on
Stab(X) such that the forgetting map
Stab(X)→ N(X)∨C
sending (Z,A) to Z is a local homeomorphism. In particular, each
connected component of Stab(X) is a complex manifold.
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Remark 2.6. The set Stab†(X) was considered in the original pa-
per [11], and there is also a natural topology on Stab†(X). However
the forgetting map Stab†(X)→ N(X)∨C may not be a local homeomor-
phism, but so on a certain linear subspace of N(X)∨C. The subspace
Stab(X) ⊂ Stab†(X) is shown to be the union of connected compo-
nents on which the forgetting map is a local homeomorphism.
2.4. Bogomolov-Gieseker inequality. We use the following (gener-
alized) Bogomolov-Gieseker inequality to show the axiom (5) or support
property.
Theorem 2.7. ([8], [16], [23]) Let X be a smooth projective variety
of dimX = d ≥ 2, and H1, · · · , Hd−1 nef divisors on X such that the
1-cycle H1 · · ·Hd−1 is numerically nontrivial. Then for any torsion free
(H1, · · · , Hd−1)-slope semistable sheaf E on X, we have the inequality
(ch1(E)
2 − 2 ch0(E) ch2(E))H2 · · ·Hd−1 ≥ 0.
3. Extremal contractions of projective surfaces
The goal of this section is to prove Theorem 1.2. Throughout this
section, X is a smooth projective surface and f is a birational morphism
f : X → Y
which contacts a single (−1)-curve C ⊂ X to a point in Y .
3.1. Perverse t-structure on DbCoh(X). We recall the construction
of the hearts of perverse t-structures
pPer(X/Y ) ⊂ DbCoh(X)
for p ∈ Z, studied in [10], [14]. Let C be the triangulated subcategory
of DbCoh(X), defined by
C := {E ∈ DbCoh(X) : Rf∗E = 0}.
Since the dimensions of the fibers of f are at most one dimensional,
the standard t-structure on DbCoh(X) induces a t-structure on C,
(C≤0, C≥0)
with heart C0 = C ∩ Coh(X). (cf. [10, Lemma 3.1].)
Definition 3.1. ([10], [14]) We define pPer(X/Y ) to be
pPer(X/Y ) :=
{
E ∈ DbCoh(X) : Rf∗E ∈ Coh(Y ),
Hom(C<p, E) = Hom(E, C>p) = 0
}
.
In what follows, we mainly use the case p = −1, and denote
Per(X/Y ) := −1Per(X/Y ).
Also we denote by Hip(∗) the i-th cohomology functor with respect to
the t-structure with heart Per(X/Y ).
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As proved in [11], [14], the subcategory Per(X/Y ) is the heart of a
bounded t-structure on DbCoh(X). Indeed, Van den Bergh [14] shows
that the t-structure Per(X/Y ) is related to a sheaf of non-commutative
algebras on Y . Let us set
E := OX ⊕OX(−C), A := f∗End(E).
Note that A is a sheaf of non-commutative algebras on Y .
Theorem 3.2. ([14]) We have the derived equivalence
Φ := Rf∗RHom(E , ∗) : DbCoh(X) ∼→ DbCoh(A ),
which restricts to an equivalence between Per(X/Y ) and Coh(A ).
We define the following subcategory of Per(X/Y ):
Per≤i(X/Y ) := {E ∈ Per(X/Y ) : Φ(E) ∈ Coh≤i(A )},(11)
and write Per0(X/Y ) := Per≤0(X/Y ).
Remark 3.3. By the construction of E , an object E ∈ Per(X/Y ) is an
object in Per0(X/Y ) iff Supp(E) is zero dimensional outside C, and
an object in Per≤1(X/Y ) iff Supp(E) is at most one dimensional.
We collect some known results used in this paper.
Proposition 3.4. (i) The category Per0(X/Y ) is a finite length abelian
category with simple objects given by
OC , OC(−1)[1], Ox, x ∈ X \ C.
(ii) An object E ∈ DbCoh(X) is an object in Per(X/Y ) if and only
if Hi(E) = 0 for i 6= 0,−1, Hom(H0(E),OC(−1)) = 0 and
R1f∗H0(E) = f∗H−1(E) = 0.
Proof. The result of (i) follows from [14, Proposition 3.5.8]. The result
of (ii) follows from [10, Lemma 3.2]. 
3.2. Slope stability on Per(X/Y ). Let ω be an ample divisor on Y .
Similarly to the usual slope function on coherent sheaves, we define the
slope function µf∗ω on Per(X/Y ) as follows: if E ∈ Per(X/Y ) satisfies
ch0(E) > 0, we set
µf∗ω(E) :=
ch1(E) · f ∗ω
ch0(E)
.
Otherwise we set µf∗ω(E) = ∞. Similarly to the usual slope stability,
the slope µf∗ω satisfies the weak seesaw property, and defines the weak
stability condition on Per(X/Y ) as follows:
Definition 3.5. An object E ∈ Per(X/Y ) is µf∗ω-(semi)stable if for
any exact sequence 0 → F → E → G → 0 in Per(X/Y ), we have the
inequality
µf∗ω(F ) < (≤)µf∗ω(G).
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Similarly to the usual slope stability, we have the following:
Lemma 3.6. Any object in Per(X/Y ) admits a Harder-Narasimhan
filtration with respect to µf∗ω-stability.
Proof. By Theorem 3.2, the category Per(X/Y ) is noetherian. There-
fore it is enough to check that there is no infinite sequence
E1 ⊃ E2 ⊃ · · · ⊃ Ei ⊃ · · ·
such that µf∗ω(Ei+1) > µf∗ω(Ei/Ei+1) for all i. (cf. [33, Proposi-
tion 2.12].) Suppose that there is such a sequence. Since ch0(∗) is
non-negative on Per(X/Y ), we may assume ch0(Ei) is constant. But
then µf∗ω(Ei/Ei+1) =∞, which is a contradiction. 
3.3. Bogomolov-Gieseker inequality for perverse coherent sheaves.
We are going to construct a Bridgeland stability condition onDbCoh(X)
by using the tilting of Per(X/Y ). For this purpose, we need to evaluate
Chern classes of µf∗ω-semistable perverse coherent sheaves. First we
show the following lemma:
Lemma 3.7. Let A ⊂ DbCoh(X) be the heart of a bounded t-structure
with OC ,OC(−1)[1] ∈ A. For E ∈ A, suppose that Hom(OC , E) = 0.
Then we have C · ch1(E) ≥ 0.
Proof. By the Serre duality, we have
Exti(OC , E) ∼= Hom1−i(E,OC(−1)[1])∨
∼= 0,
for i ≥ 2. Here the last isomorphism follows from that both of E and
OC(−1)[1] are objects in the heart A. Also by the assumption, we have
Hom≤0(OC , E) = 0.
By the above vanishing and the Riemann-Roch theorem, we have
−C · ch1(E) = χ(OC , E)
= − dimExt1(OC , E).
Therefore C · ch1(E) ≥ 0 holds. 
Another lemma we use is the following:
Lemma 3.8. For T ∈ Per0(X/Y ), we have the inequality
ch2(T ) ≥ 1
2
C · ch1(T ).
Proof. By the definition of Per0(X/Y ), the object Rf∗T is a zero di-
mensional sheaf on Y . Therefore we have
χ(OX , T ) = χ(OY ,Rf∗T ) ≥ 0.
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On the other hand, the Riemann-Roch theorem implies
χ(OX , T ) = ch2(T )− 1
2
C · ch1(T ).
Therefore the desired inequality holds. 
The following is the Bogomolov-Gieseker inequality for perverse co-
herent sheaves.
Proposition 3.9. For any µf∗ω-semistable E ∈ Per(X/Y ) with ch0(E) >
0, we have the inequality
ch1(E)
2 − 2 ch0(E) ch2(E) ≥ 0.(12)
Proof. Since E ∈ Per(X/Y ) is µf∗ω-semistable and H−1(E)[1] is a sub-
object of E in Per(X/Y ) supported on C by Proposition 3.4 (ii), we
must have H−1(E) = 0. Hence E is a sheaf on X but it may have a
torsion. Let us take an exact sequence of sheaves
0→ T → E → F → 0,(13)
where T is a torsion sheaf and F is a torsion free sheaf. The above exact
sequence and Proposition 3.4 (ii) easily imply that F ∈ Per(X/Y ). We
have the exact sequence in Per(X/Y )
0→H0p(T )→ E → F → H1p(T )→ 0,
and Hip(T ) = 0 for i 6= 0, 1. By the µf∗ω-stability of E, we have
H0p(T ) = 0 hence T [1] ∈ Per(X/Y ) follows. This also implies that
f∗T = 0, hence T is supported on C.
Since sheaves supported on C do not affect µf∗ω(∗), it follows that F
is a µf∗ω-semistable sheaf in the category of coherent sheaves. Therefore
Theorem 2.7 implies
ch1(F )
2 − 2 ch0(F ) ch2(F ) ≥ 0.(14)
Let us write
ch(T ) = (0, aC, ch2(T )) ∈ H0(X)⊕H2(X)⊕H4(X)
for a ∈ Z≥0. By Lemma 3.8, we have ch2(T ) ≤ −a/2. Also Lemma 3.7
implies
C · ch1(E) = C · ch1(F )− a ≥ 0.(15)
By combining these inequalities, we have
ch1(E)
2 − 2 ch0(E) ch2(E)
= (ch1(F ) + aC)
2 − 2 ch0(F )(ch2(F ) + ch2(T ))
= ch1(F )
2 − 2 ch0(F ) ch2(F ) + 2aC · ch1(F )− a2 − 2 ch0(F ) ch2(T )
≥ a (ch0(F ) + 2C · ch1(F )− a)
≥ 0.
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Here we have used (14), (15) and ch2(T ) ≤ −a/2 in the third inequality.
Hence the inequality (12) is proved. 
Remark 3.10. By the Hodge index theorem, the inequality (12) also
implies
(ch1(E) · f ∗ω)2 ≥ 2ω2 ch0(E) ch2(E).(16)
However the weaker inequality (16) is much easier to prove: it imme-
diately follows from the exact sequence (13) and the inequality (14),
together with ch2(T ) ≤ −a/2 ≤ 0. The weaker inequality (16) will be
used in the construction of a stability condition, while the stronger one
(12) will be required to show the support property.
3.4. Construction of σ0. In this subsection, we construct a stability
condition σ0 on D
bCoh(X) via tilting of Per(X/Y ). Let (Tf∗ω,Ff∗ω)
be the pair of subcategories of Per(X/Y ) defined by
Tf∗ω := 〈E : E is µf∗ω-semistable with µf∗ω(E) > 0〉,
Ff∗ω := 〈E : E is µf∗ω-semistable with µf∗ω(E) ≤ 0〉.
The pair of subcategories (Tf∗ω,Ff∗ω) forms a torsion pair [17] on
Per(X/Y ) by Lemma 3.6. The associate tilting is defined in the fol-
lowing way:
Definition 3.11. We define Bf∗ω ⊂ DbCoh(X) to be
Bf∗ω := 〈Ff∗ω[1], Tf∗ω〉.
As for the central charge, we take Zf∗ω in the notation of (7). It is
written as
Zf∗ω(E) =
(
− ch2(E) + ω
2
2
ch0(E)
)
+
√−1 ch1(E) · f ∗ω.
We show the following lemma:
Lemma 3.12. The pair (Zf∗ω,Bf∗ω) determines a stability condition
on DbCoh(X).
Proof. We first check the property (6). Let us take a non-zero object
E ∈ Bf∗ω. By the construction of Bf∗ω, we have ImZf∗ω(E) ≥ 0.
Suppose that ImZf∗ω(E) = 0. Then we have
E ∈
〈
F [1], T :
F ∈ Per(X/Y ) is µf∗ω-semistable with
µf∗ω(F ) = 0, T ∈ Per0(X/Y ).
〉
.(17)
It is enough to check (6) for E = F [1] where F is a µf∗ω-semistable ob-
ject in Per(X/Y ) or E ∈ Per0(X/Y ). In the former case, the inequality
in Remark 3.10 implies ch2(F ) ≤ 0. Combined with ch0(F ) > 0, we
have Zf∗ω(F [1]) ∈ R<0. In the latter case, noting Proposition 3.4 (i),
the property (6) follows from
Zf∗ω(OC) = Zf∗ω(OC(−1)[1]) = −1
2
,
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and Zf∗ω(Ox) = −1 for x ∈ X \ C.
As for the Harder-Narasimhan property, we will give a 3-fold version
of a similar statement in Lemma 5.7. The same proof is applied. 
Below we fix an ample divisor ω on Y and set
σ0 := (Zf∗ω,Bf∗ω).(18)
Note that, at this moment, σ0 is just an element of Stab
†(X) 4 in the
notation of Definition 2.4. The following result will be required in order
to deform σ0:
Proposition 3.13. We have σ0 ∈ Stab(X), i.e. σ0 satisfies the support
property.
The proof of Proposition 3.13 is postponed until Subsection 3.7.
3.5. One parameter family of stability conditions. By Proposi-
tion 3.13 and Theorem 2.5, a small deformation of Zf∗ω uniquely lifts
to a small deformation of σ0. Therefore for 0 < ε≪ 1, there is a unique
continuous map
σ : (−1, 1)→ Stab(X)
such that σt := σ(t) satisfies the following: σ0 coincides with the sta-
bility condition (18), and other σt is written as
σt = (Zf∗ω+εtC ,Pt),
where Pt = {Pt(φ)}φ∈R is a slicing onDbCoh(X). LetMσt([Ox]) be the
set of isomorphism classes of objects E ∈ Pt(1) with ch(E) = ch(Ox)
for x ∈ X . We have the following proposition:
Proposition 3.14. By taking ε smaller if necessary, we have the fol-
lowing:
(i) If t < 0, we have Mσt([Ox]) = {Ox : x ∈ X}.
(ii) If t > 0, we have Mσt([Ox]) = {Lf ∗Oy : y ∈ Y }.
(iii) If t = 0, we have
Mσ0([Ox]) = {Ox,Lf ∗O0,OC ⊕OC(−1)[1] : x ∈ X}.(19)
Here 0 = f(C) ∈ Y .
Proof. We first show (iii). Let us take E ∈ Bf∗ω with ch(E) = ch(Ox).
Since ImZf∗ω(E) = 0, E is contained in the RHS of (17), hence the
condition ch(E) = ch(Ox) implies E ∈ Per0(X/Y ). By Proposition 3.4
(i), we have the following possibilities: E ∼= Ox for x ∈ X \C and it is
σ0-stable, or E is not σ0-stable with
gr(E) ∼= OC ⊕OC(−1)[1].
4The locally finiteness of σ0 is obvious since the image of Zf∗ω is a discrete
subgroup.
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Here gr(E) is defined by (10). In the latter case, if E is not isomorphic
to OC ⊕ OC(−1)[1], E fits into one of the following non-split exact
sequences in Per0(X/Y ):
0→ OC → E → OC(−1)[1]→ 0,(20)
0→ OC(−1)[1]→ E → OC → 0.(21)
In the case of (20), we have E ∼= Ox for x ∈ C. In the case of (21),
we have E ∼= Lf ∗O0. Indeed, it is easy to check that there is a distin-
guished triangle
OC(−1)[1]→ Lf ∗O0 → OC ,(22)
hence E ∼= Lf ∗O0 follows since Ext1X(OC ,OC(−1)[1]) = C.
Next we show (i) and (ii). The support property of σ0 ensures the
existence of a wall and chamber structure on Stab(X) near σ0, i.e.
the set of semistable objects E with ch(E) = ch(Ox) is constant on a
chamber. Therefore, by choosing ε smaller if necessary, we may assume
that Mσt([Ox]) is constant for t ∈ (−1, 0) and t ∈ (0, 1). Since the set
of points in Stab(X) in which a given object is semistable is closed,
we have the inclusion Mσt([Ox]) ⊂ Mσ0([Ox]). It is enough to check
σt-stability for the objects in the RHS of (19).
Since Ox for x ∈ X \C, OC and OC(−1)[1] are stable in σ0, they are
also stable in σt for any t ∈ (−1, 1). Let us take real numbers φt, ψt so
that the following holds:
OC ∈ Pt(φt), OC(−1)[1] ∈ Pt(ψt).
We have φt < ψt for t < 0 and φt > ψt for t > 0. Therefore, by looking
at the exact sequence (20) for E = Ox with x ∈ C, we see that E is
σt-stable for t < 0 but not σt-semistable for t > 0. Similarly by the
sequence (22), for E = Lf ∗O0, we see that E is σt-stable for t > 0 but
not σt-semistable for t < 0. Finally, it is obvious that OC ⊕OC(−1)[1]
is not σt-semistable for t 6= 0. Therefore (i) and (ii) are proved. 
Remark 3.15. The proof of the above proposition shows thatMσtt ([Ox])
consists of σt-stable objects when t 6= 0.
We now give a proof of Theorem 1.2.
Theorem 3.16. We have the following:
(i) If t < 0, then X is the fine moduli space of σt-stable objects in
Mσt([Ox]).
(ii) If t = 0, then Y is the coarse moduli space of S-equivalence
classes of objects in Mσ0([Ox]).
(iii) If t > 0, then Y is the fine moduli space of σt-stable objects in
Mσt([Ox]).
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Proof. Let M be the algebraic space which parameterizes objects E ∈
DbCoh(X) satisfying
Ext<0(E,E) = 0, Hom(E,E) = C,
constructed by Inaba [19]. We have the open sub algebraic space
Mσt([Ox]) ⊂ M whose closed points correspond to σt-stable objects
in Mσt([Ox]). If t > 0, Proposition 3.14 (ii) implies that there is a
morphism
Y →Mσt([Ox])(23)
sending y ∈ Y to the point corresponding to Lf ∗Oy, which is bijective
on C-valued points. Also since we have the fully faithful functor
Lf ∗ : DbCoh(Y )→ DbCoh(X)
the morphism (23) induces an isomorphism on the tangent space. There-
fore (23) is an isomorphism, and (iii) is proved. The proof of (i) is
similar by considering the morphism
X →Mσt([Ox])
for t < 0, sending x ∈ X to Ox.
In order to prove (ii), we need to show that Y corepresents the func-
tor of families of objects inMσ0([Ox]). In Theorem 5.21, we will discuss
a similar statement for 3-folds. Noting that Ox for x ∈ C and Lf ∗O0
are S-equivalent to OC ⊕ OC(−1)[1], the same argument as in Theo-
rem 5.21 is applied. 
Remark 3.17. If t < 0, then any skyscraper sheaf Ox for x ∈ X is
σt-stable of phase one. By using the proof of [12, Lemma 10.1], we can
show that σt for t < 0 coincides with a stability condition constructed
in [1].
3.6. Bogomolov-Gieseker inequality for σ0-semistable objects.
The rest of this section is devoted to proving Proposition 3.13. The
key ingredient is to prove Bogomolov-Gieseker type inequality for σ0-
semistable objects in Bf∗ω. The desired inequality is proved by a some-
what tricky argument: we first prove a version of BG inequality, eval-
uating (ch1(∗) · f ∗ω)2. It is not enough to show the support property,
but ensures the ‘support property in one direction’. By this property,
we are able to apply wall-crossing argument with respect to the central
charges Zsf∗ω for s ∈ R>0. Then BG inequality evaluating (ch1(∗))2 is
proved by the induction on ch1(E) · f ∗ω as in [6, Theorem 7.3.1].
The following is the BG type inequality evaluating (ch1(∗) · f ∗ω)2.
Proposition 3.18. For any σ0-semistable object E ∈ Bf∗ω, we have
the inequality
(ch1(E) · f ∗ω)2 ≥ 2ω2 ch0(E) ch2(E).(24)
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Proof. The argument is borrowed from the proof of the support prop-
erty for the local projective plane in [5, Lemma 4.5], although a similar
inequality is not stated explicitly there.
Let E ∈ Bf∗ω be a σ0-semistable object. Since we may assume
ch0(E) ch2(E) > 0, we have the two possibilities:
ch0(E), ch2(E) > 0 or ch0(E), ch2(E) < 0.
We first prove the inequality (24) in the case ch0(E), ch2(E) > 0. There
is an exact sequence in Bf∗ω
0→H−1p (E)[1]→ E → H0p(E)→ 0.
By the assumption, we have the two inequalities
0 < ch0(E) ≤ ch0(H0p(E)),
0 ≤ ImZf∗ω(H0p(E)) ≤ ImZf∗ω(E).
The above inequalities immediately imply µf∗ω(E) ≥ µf∗ω(H0p(E)). On
the other hand, there is a surjection H0p(E) ։ F in Per(X/Y ) such
that F is µf∗ω-semistable with ch0(F ) > 0 and
0 < µf∗ω(F ) ≤ µf∗ω(H0p(E)) ≤ µf∗ω(E).(25)
We have the composition
E ։ H0p(E)→ F,
which is surjective in Bf∗ω. Therefore the σ0-stability of E yields
argZf∗ω(E) ≤ argZf∗ω(F ), or equivalently
− ch2(E) + ω2 ch0(E)/2
ch1(E) · f ∗ω ≥
− ch2(F ) + ω2 ch0(F )/2
ch1(F ) · f ∗ω .
Combined with (25) and the assumption ch2(E) > 0, we obtain the
inequality
0 <
ch2(E)
ch1(E) · f ∗ω ≤
ch2(F )
ch1(F ) · f ∗ω .(26)
Then the inequality (24) follows from
1
2ω2
≥ ch0(F )
ch1(F ) · f ∗ω ·
ch2(F )
ch1(F ) · f ∗ω
≥ ch0(E)
ch1(E) · f ∗ω ·
ch2(E)
ch1(E) · f ∗ω .
Here the first inequality follows from Remark 3.10, and the second
inequality follows from (25) and (26).
The proof for the case of ch0(E), ch2(E) < 0 is similar, by replacing
the quotient H0p(E)։ F by a µf∗ω-semistable subobject G ⊂ H−1p (E)
with µf∗ω(G) ≥ µf∗ω(H−1p (E)). 
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For s ∈ R>0, note that Bsf∗ω = Bf∗ω. Let us consider the element
γs := (Zsf∗ω,Bf∗ω) ∈ Stab†(X).
Using the inequality (24), we show the following proposition.
Proposition 3.19. The map γ : s 7→ γs is continuous. Moreover for
each E ∈ DbCoh(X), there is a wall and chamber structure on the
image of γ so that the Harder-Narasimhan filtration of E is constant
on each chamber.
Proof. As for the first statement, by [11, Proposition 6.3, Theorem 7.1],
it is enough to show the following: for any s ∈ R>0, there is a positive
constant C such that
|Zsf∗ω(E)− Zf∗ω(E)|
|Zf∗ω(E)| ≤ C(27)
for any σ0(= γ1)-semistable object E ∈ Bf∗ω. If ch0(E) = 0, then the
LHS of (27) is less than or equal to |s− 1|. Hence we may assume that
ch0(E) 6= 0, and set
x =
ch1(E) · f ∗ω
ch0(E)
, y =
ch2(E)
ch0(E)
.
Then the LHS of (27) is written as
|s− 1|
√
(s+ 1)2/4 + x2
(−y + ω2/2)2 + x2 .
By the inequality (24), we have x2 ≥ 2ω2y. Hence the bound (27) is
obtained by the following elementary fact:
inf{(−y + ω2/2)2 + x2 : (x, y) ∈ R2, x2 ≥ 2ω2y} > 0.
The latter statement follows from the same argument describing the
wall in [12, Proposition 9.3], after replacing [12, Lemma 5.1] by Propo-
sition 3.18. 
The following lemma is required to show another version of BG type
inequality.
Lemma 3.20. There is a constant Cω > 0, which depends only on
the class [ω] ∈ P(H2(Y )R), such that for any E ∈ Per≤1(X/Y ) with
Hom(Per0(X/Y ), E) = 0, we have the inequality
ch1(E)
2ω2 + Cω(ch1(E) · f ∗ω)2 ≥ 0.
Proof. Let us write
ch1(E) = f
∗α+ k[C],
for some k ∈ Z and α ∈ H2(Y ). Since ch1(E) · C ≥ 0 by Lemma 3.7,
we have k ≤ 0. Next let us take aω > 0 so that f ∗ω − aω
√
ω2C is
ample. Note that we can take aω so that it depends only on the class
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[ω] ∈ P(H2(Y )R). By Proposition 3.4 (ii) and the assumption, we
must have H−1(E) = 0. Therefore E is a one dimensional sheaf, hence
ch1(E) · (f ∗ω − aω
√
ω2C) ≥ 0. This implies
− α · ω
aω
√
ω2
≤ k ≤ 0.
On the other hand, since α is an effective class on Y , there is C ′ω > 0
which only depends on the class [ω] ∈ P(H2(Y )R) such that (cf. the
proof of [6, Corollary 7.3.1])
α2ω2 + (α · ω)2C ′ω ≥ 0.
By combining the above inequalities, we obtain
ch1(E)
2 = α2 − k2
≥ −
(
C ′ω +
1
a2ω
)
(α · ω)2
ω2
.
Hence Cω := C
′
ω + 1/a
2
ω satisfies the desired property. 
LetD be the set of isomorphism classes of objects E ∈ Bf∗ω satisfying
one of the following:
• E ∈ Per(X/Y ), ch0(E) > 0 and it is µf∗ω-semistable.
• E ∈ Per≤1(X/Y ) and it satisfies Hom(Per0(X/Y ), E) = 0.
• E fits into an exact sequence in Bf∗ω,
0→ F [1]→ E → T → 0(28)
where F ∈ Per(X/Y ) is µf∗ω-semistable, T ∈ Per0(X/Y ), and
E satisfies Hom(Per0(X/Y ), E) = 0.
Lemma 3.21. Suppose that an object E ∈ Bf∗ω satisfies ImZf∗ω(E) >
0 and Zsf∗ω-semistable for s≫ 0. Then we have E ∈ D.
Proof. The proof is given by the same argument as in [12, Proposi-
tion 14.2], [3, Lemma 4.2], after replacing Coh(X) by Per(X/Y ). We
omit the detail. 
Let c ∈ Z>0 be
c := min{ch1(E) · f ∗ω > 0 : E ∈ Bf∗ω}.
Lemma 3.22. For an object E ∈ Bf∗ω, suppose that ch1(E) · f ∗ω = c.
Then E ∈ D.
Proof. The same argument of [6, Lemma 7.2.2] is applied, after replac-
ing Coh(X) by Per(X/Y ). Again we omit the detail. 
Combining the above results, we prove the BG type inequality eval-
uating (ch1(∗))2.
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Theorem 3.23. There is a constant Cω > 0, which depends only on
the class [ω] ∈ P(H2(Y )R), such that the following holds: for any σ0-
semistable object E ∈ Bf∗ω with ch1(E)·f ∗ω > 0, we have the inequality
ch1(E)
2 − 2 ch0(E) ch2(E) + Cω (ch1(E) · f
∗ω)2
ω2
≥ 0.(29)
Proof. The proof proceeds as in the proof of [6, Theorem 7.3.1], so we
just give an outline of the proof. We show that the inequality (29)
holds for any Zsf∗ω-semistable object E ∈ Bf∗ω with ch1(E) · f ∗ω > 0
and s ∈ R>0, by the induction on ch1(E) · f ∗ω.
The first step is the case that ch1(E) · f ∗ω = c. In this case, we
have E ∈ D by Lemma 3.22. Hence the inequality (29) follows from
Proposition 3.9, Lemma 3.20, except the case that E fits into an exact
sequence (28). In the last case, the inequality (12) can be proved along
with the same argument of Proposition 3.9. Indeed it is enough to
replace the sequence (13) by (28) and the same computation works.
Suppose that (29) holds for any Zs′f∗ω-semistable object F ∈ Bf∗ω
with s′ > 0 and 0 < ch1(F ) · f ∗ω < ch1(E) · f ∗ω. We consider the
following set:
S := {s′′ ≥ s : E is Zs′′f∗ω-semistable },
and set s0 := sup{s′′ ∈ S}. If s0 =∞, we have E ∈ D by Lemma 3.21,
so the inequality (29) holds. Otherwise, by the result of Proposi-
tion 3.19, the set S is a closed subset of R>0. By the existence of
wall and chamber structure in Proposition 3.19, we have the following:
there is 0 < ǫ≪ 1 and an exact sequence in Bf∗ω
0→ E1 → E → E2 → 0
such that
argZs0f∗ω(E1) = argZs0f∗ω(E2),(30)
argZ(s0+ǫ)f∗ω(E1) > argZ(s0+ǫ)f∗ω(E2).(31)
Note that Ei are Zs0f∗ω-semistable with 0 < ch1(Ei)·f ∗ω < ch1(E)·f ∗ω.
Hence by the assumption of the induction, the objects Ei satisfy the
inequality (29). Together with the equality (30) and the inequality (31),
we can apply the exactly same computation in [6, Theorem 7.3.1], and
show that E satisfies (29). 
Corollary 3.24. Let Cω > 0 be as in Theorem 3.23. Then for any
σ0-stable object E ∈ Bf∗ω, we have the inequality
ch1(E)
2 − 2 ch0(E) ch2(E) + Cω (ch1(E) · f
∗ω)2
ω2
≥ −1.(32)
Proof. By Theorem 3.23, we may assume ch1(E) · f ∗ω = 0. In this
case, E is contained in the RHS of (17). Since E is σ0-stable, either
E = F [1] for a µf∗ω-semistable sheaf F with µf∗ω(F ) = 0 or E is a
simple object in Per0(X/Y ). In the former case, the inequality (32)
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follows from Proposition 3.9. In the latter case, the inequality (32)
follows since it is satisfied for simple objects in Per0(X/Y ) described
in Proposition 3.4 (i). 
Remark 3.25. The equality is achieved in (32) if and only if E is
isomorphic to OC or OC(−1)[1].
3.7. Proof of Proposition 3.13.
Proof. We first fix the norm ‖∗‖ on N(X)R. Let us embed N(X)R
into H∗(X,R) via the Chern character map. For an element (r, β, n) ∈
H0(X)⊕H2(X)⊕H4(X), we can write
β = β+ + β−, β+ ∈ R[f ∗ω], β− ∈ (f ∗ω)⊥.
Note that β2− ≤ 0 by the Hodge index theorem. We set
‖(r, β, n)‖ := max{|r|, |n|, |β+ · f ∗ω|,
√
−β2−}.
Let us bound ‖E‖/|Zf∗ω(E)| for σ0-semistable objects E ∈ Bf∗ω. By
the triangle inequality, it is enough to bound it for σ0-stable objects. If
we write ch(E) = (r, β++β−, n) as above, then ‖E‖/|Zf∗ω(E)| coincides
with
max{|r|, |n|, |β+ · f ∗ω|,√−β2−}√
(−n + rω2/2)2 + (β+ · f ∗ω)2
.
By the same argument of Proposition 3.19, the values
|r|
|Zf∗ω(E)| ,
|n|
|Zf∗ω(E)| ,
|β+ · f ∗ω|
|Zf∗ω(E)|
can be shown to be bounded. It remains to show the boundedness of
|√−β2−|/|Zf∗ω(E)|.
In the above notation, the inequality (32) is written as
β2+ + β
2
− − 2rn+
Cω(β+ · f ∗ω)2
ω2
≥ −1.
Noting β2+ω
2 = (β+ · f ∗ω)2, we have
−β2−
|Zf∗ω(E)|2 ≤
1 + (Cω + 1)β
2
+ − 2rn
(−n + rω2/2)2 + β2+ω2
.(33)
In order to obtain the upper bound of the RHS, we may assume rn < 0.
By setting u = −n/r > 0, the RHS of (33) is shown to be bounded
above by the fact
sup
{
u
(u+ ω2/2)2
: u > 0
}
<∞.

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4. Extremal contractions of projective 3-folds
In what follows, X is a smooth projective 3-fold and f is a birational
extremal contraction
f : X → Y,(34)
i.e. Y is a normal projective variety, −KX is f -ample and the relative
Picard number of f is equal to one. In this section, we construct
the perverse heart associated to f , and establish a derived equivalence
between X and a certain sheaf of non-commutative algebras on Y .
4.1. Classification. By [29], the extremal contraction (34) is classified
into five types:
Type I: Y is smooth and f is a blow up at a smooth curve.
Type II: Y is smooth and f is a blow-up at a point.
Type III: Y has an ordinary double point, and f is a blow-up at
the singular point.
Type IV: Y has an orbifold singularity C3/(Z/2Z) and f is a blow-
up at the singular point.
Type V: Y has a cA2-singularity and f is a blow-up at the singular
point.
We denote by D ⊂ X the exceptional divisor. When f(D) is a point
0 ∈ Y , (i.e. f is not type I,) we denote by ÔY,0 the completion of OY,0
at 0. In types III, IV and V, we have
ÔY,0 ∼=

C [[x, y, z, w]] /(xy + zw) in type III
C [[x, y, z]](2) in type IV
C [[x, y, z, w]] /(xy + z2 + w3) in type V.
and
(D,OD(D)) ∼=
 (P
1 × P1,OP1×P1(−1,−1)) in type III
(P2,OP2(−2)) in type IV
(D ⊂ P3,OD(−1)) in type V
Here C [[x, y, z]](2) is the subring of invariants of C [[x, y, z]] for the invo-
lution (x, y, z) 7→ (−x,−y,−z), and D ⊂ P3 in type V is the normal
singular quadric surface.
4.2. Perverse t-structure for extremal contractions. In this sub-
section, we construct a perverse t-structure following [34]. We set
E0 := OX ⊕OX(D).
First we note the following lemma:
Lemma 4.1. (i) The line bundle OX(−D) is f -ample and f -globally
generated.
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(ii) The vector bundles E0, E0|D satisfy the following for i > 0:
Hi(Rf∗Hom(E0, E0)) ∼= 0,
Hi(Rf |D∗Hom(E0|D, E0|D)) ∼= 0.
Proof. Both of (i) and (ii) are easily proved by the classification in
Subsection 4.1, or using vanishing theorem. 
The result of (ii) in particular implies
R2f∗OX(D) = R2f |D∗OD(D) = 0.
Hence we are in the situation where the result of [34] is applied for
f and f |D. In particular, we can define the perverse t-structures on
DbCoh(X) and DbCoh(D). Below we recall their constructions.
Let A0 := f∗End(E0) be the sheaf of non-commutative algebras on
Y , and Φ0 be the functor
Φ0 := Rf∗RHom(E0, ∗) : DbCoh(X)→ DbCoh(A0).
The above functor is an equivalence when f is type I by [14], since
the dimension of the fiber of f is at most one dimensional in this case.
However Φ0 is not an equivalence in other cases. Indeed, the following
subcategory is non-trivial:
C := {E ∈ DbCoh(X) : Φ0(E) ∼= 0}.
The key result of [34, Theorem 6.1] is that the standard t-structure on
DbCoh(X) induces a t-structure on C. Let
(C≤0, C≥0)
be the induced t-structure with heart C0 := C ∩ Coh(X). The heart
pPer(X/Y ) 5 is defined as follows:
Definition 4.2. We define pPer(X/Y ) to be
pPer(X/Y ) :=
{
E ∈ DbCoh(X) : Φ0(E) ∈ Coh(A0),
Hom(C<p, E) = Hom(E, C>p) = 0
}
.
As in [34], the category pPer(X/Y ) is the heart of a bounded t-
structure on DbCoh(X). In the 3-fold case, we use the perversity
p = 06. By abuse of notation, we set
Per(X/Y ) := 0Per(X/Y ).
Again we denote by Hip(∗) the i-th cohomology functor with respect to
the t-structure with heart Per(X/Y ).
By replacing E0, A0 by E0|D, AD,0 := f |D∗End(E|D) respectively, we
can define the similar functor
ΦD,0 = Rf |D∗RHom(E|D, ∗) : DbCoh(D)→ DbCoh(AD,0)
5This was denoted by pPer(X/A0) in [34].
6Here we use the different perversity from the surface case.
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and a similar subcategory
CD := {E ∈ DbCoh(D) : ΦD,0(E) ∼= 0},
such that C0D := CD ∩Coh(D) is the heart of a bounded t-structure on
CD. The perverse heart is also defined similarly,
Per(D) :=
{
E ∈ DbCoh(D) : ΦD,0(E) ∈ Coh(AD,0),
Hom(C<0D , E) = Hom(E, C>0D ) = 0
}
.
Remark 4.3. When f(D) is a point, then AD,0 is the path algebra
of a quiver with two vertices and dimH0(D,OD(−D))-arrows between
them in one direction.
4.3. Derived equivalence. The purpose here is to give an analogue
of Theorem 3.2 for our threefold situation. Suppose that f(D) is a
point 0 = f(D) ∈ Y . If we denote by m0 ⊂ OY the sheaf of defining
ideal of 0 ∈ Y , then the sheaf of algebras A0 is written as a matrix
A0 =
( OY m0
OY OY
)
,(35)
since f∗OX(D) ∼= OY and f∗OX(−D) = m0. Let S ∈ Coh(A0) be the
object, which is isomorphic to OY /m0 as a OY -module, and the right
A0-action is given by
x ·
(
a b
c d
)
= x · a.
We have the following lemma:
Lemma 4.4. Suppose that f(D) is a point. Then there is a distin-
guished triangle in DbCoh(A0),
Φ0(OX(D))→ Φ0(OX(2D))→ S⊕l[−2].(36)
Here l := dimH2(D,OD(2D)).
Proof. By the exact sequence of sheaves
0→ OX(D)→ OX(2D)→ OD(2D)→ 0.
we have the distinguished triangle
Φ0(OX(D))→ Φ0(OX(2D))→ Φ0(OD(2D)).
On the other hand, we have the isomorphism Φ0(OD(2D)) ∼= S⊕l[−2].

If f is either type III, IV or V, we have H2(D,OD(2D)) 6= 0. In this
case, the above lemma implies that the vector bundle
OX ⊕OX(D)⊕OX(2D)
does not satisfy the property similar to Lemma 4.1 (ii). In order to give
a derived equivalence as in Theorem 1.3, a modification of OX(2D) is
required. By improving the argument of [34], we have the following
result:
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Theorem 4.5. Let X be a smooth projective 3-fold, f : X → Y an
extremal contraction and D ⊂ X the exceptional divisor. Then there is
a vector bundle V on X satisfying
• If f(D) is a curve, then V = 0.
• If f(D) is a point, then V fits into an exact sequence of sheaves
0→ OX(2D)→ V → OX(D − 2f ∗H)⊕el → OX(−f ∗H)⊕l → 0,(37)
where H is a sufficiently ample divisor on Y and e, l are given
by
e = dimH0(X,OX(f ∗H −D)), l = dimH2(D,OD(2D)),
such that, setting E = OX ⊕OX(D)⊕ V and A = f∗End(E), we have
the equivalence of derived categories
Φ := Rf∗RHom(E , ∗) : DbCoh(X) ∼→ DbCoh(A ),(38)
which restricts to an equivalence between Per(X/Y ) and Coh(A ).
Proof. If f(D) is a curve, the result follows from [14]. Below we assume
f(D) is a point 0 ∈ Y .
Let H be a sufficiently ample divisor on Y so that m0(H) is globally
generated, and satisfies
Extj
A0
(A0,OY (iH)⊗OY A0) ∼= Hj(Y,OY (iH)⊗OY A0)(39)
∼= 0
for any i ≥ 1 and j ≥ 1. Let us take a basis x1, · · · , xe,
xi ∈ Γ(X,m0(H)) = Γ(X,OX(f ∗H −D)).(40)
We have the right exact sequence in Coh(A0)
A0 ⊕ (OY (−H)⊗OY A ⊕e0 )→ A0 → S → 0.(41)
Here the middle morphism takes 1 ∈ A0 to 1 ∈ S, and the left one is
given by the (e+ 1)-matrices:(
0 0
0 1
)
,
(
0 xi
0 0
)
, 1 ≤ i ≤ e,
in the expression (35). Below if we write (F → G), this always means
the two term complex with F located in degree one. By taking the l-
direct sum of the resolution (41) tensored by OY (−H), and combining
the distinguished triangle (36), we obtain the morphisms
OY (−H)⊗OY
(
A0 ⊕ (OY (−H)⊗OY A ⊕e0 )→ A0
)⊕l
ψ→ S⊕l[−2]→ Φ0(OX(D))[1].
Since Φ0(OX(D)) is a direct summand of A0, the condition (39) implies
that the composition of the above morphisms is zero. Hence ψ lifts to
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a morphism
OY (−H)⊗OY
(
A0 ⊕ (OY (−H)⊗OY A ⊕e0 )→ A0
)⊕l → Φ0(OX(2D)).(42)
Note that the functor Ψ0 : D
bCoh(A0)→ D−Coh(X) given by
Ψ0(M) :=M
L⊗A0 E0
is a left adjoint of Φ0. Taking the adjunction of (42), we obtain the
morphism (
E0 ⊕ E⊕e0 (−f ∗H) φ→ E0
)⊕l
(−f ∗H)→ OX(2D).(43)
Since m0(H) is globally generated and −D if f -globally generated, the
morphism φ is surjective and Ker(φ) is given by
OX ⊕OX(−f ∗H)⊕e ⊕Ker(OX(D − f ∗H)⊕e
ψ′
։ OX).
Here the morphism ψ′ is given by the sections (40). Let V ′ be the cone
of the morphism (43). It fits into the exact sequence of sheaves
0→ OX(2D)→ V ′ → Ker(φ)⊕l(−f ∗H)→ 0.
If we take H sufficiently ample, the vector bundle V ′ splits into
V ′ ∼= V ⊕ OX(−f ∗H)⊕l ⊕OX(−2f ∗H)⊕el,
where V is a vector bundle onX which fits into a desired exact sequence
(37).
We claim that E = E0 ⊕ V gives the desired derived equivalence
(38). Let 0 ∈ U ⊂ Y be an affine open neighborhood. Then by the
construction and Lemma 4.4, we can take a free left A0|U -resolution
P• of Φ0(OX(2D))|U , so that its stupid filtration σ≥1P• together with
the canonical morphism
σ≥1P• → P• ∼→ Φ0(OX(2D))|U
is identified with (42) restricted to U . Hence the vector bundle V ′|f−1(U)
fits into the distinguished triangle
Ψ0(σ≥1P•)→ OX(2D)|f−1(U) → V ′|f−1(U).
By [34, Equation (13)], this implies that the vector bundle
E0|f−1(U) ⊕ V ′|f−1(U)
on f−1(U) is nothing but a projective generator of Per(f−1(U)/U) con-
structed in [34, Subsection 4.4]. Since V ′|f−1(U) is a direct sum of
V|f−1(U) and O⊕el+lf−1(U), the vector bundle E|f−1(U) is also a projective
generator of Per(f−1(U)/U). Noting that f is an isomorphism outside
0 ∈ Y , this implies that E is a local projective generator of Per(X/Y )
in the sense of [14, Proposition 3.3.1]. Therefore the equivalence (38)
follows from [14, Proposition 3.3.1]. 
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Similarly to (11), we define the following subcategory
Per≤i(X/Y ) := {E ∈ Per(X/Y ) : Φ(E) ∈ Coh≤i(A )},(44)
and write Per0(X/Y ) := Per≤0(X/Y ).
Remark 4.6. By the construction of E , it is easy to see that E ∈
Per(X/Y ) is an object in Per0(X/Y ) iff Supp(E) is contained in a
finite number of fibers of f , an object in Per≤1(X/Y ) iff Supp(E) is
at most one dimensional outside D, and an object in Per≤2(X/Y ) iff
Supp(E) is at most two dimensional.
If f(D) is a point 0 ∈ Y , we set
Ŷ := Spec ÔY,0, X̂ := X ×Y Ŷ .
The categories Per(X̂/Ŷ ), Per0(X̂/Ŷ ) are similarly defined. The fol-
lowing local version is also proved in a similar way.
Corollary 4.7. Suppose that f(D) is a point 0 ∈ Y . Then there is a
vector bundle V̂ on X̂ which fits into an exact sequence of sheaves
0→ O
X̂
(2D)→ V̂ → O
X̂
(D)⊕kl → O⊕l
X̂
→ 0(45)
where k is given by k := dimH0(D,OD(−D)) such that, setting Ê =
OX̂ ⊕OX̂(D)⊕ V̂ and Â = End(Ê), we have the equivalence of derived
categories
Φ̂ := RHom(Ê , ∗) : DbCoh(X̂) ∼→ Dbmod(Â)
which restricts to an equivalence between Per(X̂/Ŷ ) and mod(Â).
Proof. We note that k = dimm0/m
2
0. The proof is obtained by mod-
ifying the proof of Theorem 4.5 by replacing the sections (40) by the
minimal generators of m0 ⊂ ÔY,0. 
We also have the version for the exceptional locus.
Corollary 4.8. In the situation of Corollary 4.7, setting VD := V̂|D,
ED := OD ⊕ OD(D) ⊕ VD and AD := End(ED), we have the derived
equivalence
ΦD := RHom(ED, ∗) : DbCoh(D) ∼→ Dbmod(AD)
which restricts to an equivalence between Per(D) and mod(AD). Fur-
thermore VD fits into the universal extension
0→ OD(2D)→ VD → Ω⊕lPk−1 |D → 0.(46)
Here D is embedded into Pk−1 by the linear system |OD(−D)|.
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Proof. By the construction of Ê in Corollary 4.7, the vector bundle ED
coincides with the construction of the tilting generator on DbCoh(D)
given in [34]. The exact sequence (46) is obtained by restricting the
sequence (45) to D. Noting that
Ext1D(ΩPk−1 |D,OD(2D)) ∼= H2(D,OD(2D)),
the universality of (46) obviously follows from the construction of the
exact sequence (45). 
Remark 4.9. The numbers (k, l) are (3, 0) in type II, (4, 1) in types
III, V and (6, 3) in type IV.
Remark 4.10. The result of Theorem 4.5 may be applied to the study
of minimal saturated triangulated category of singular varieties. Sup-
pose that f is a type V extremal contraction. In [21], Kawamata pro-
posed that the subcategory
DY := {E ∈ DbCoh(X) : RHom(E,OD(D)) = 0}
is the minimal7 saturated triangulated subcategory of DbCoh(X) which
contains f ∗Perf(Y ). By our construction of the vector bundle V, we
have
OX ⊕ V(−D) ∈ DY ,
and it is a local tilting generator of DY in the sense of [14, Proposi-
tion 3.3.1]. Hence we have the equivalence
Rf∗RHom(OX ⊕ V(−D), ∗) : DY ∼→ DbCoh(B)
where B := f∗End(OX ⊕V(−D)). It would be interesting to study the
category DY in terms of the sheaf of non-commutative algebras B.
4.4. Derived category of the exceptional locus. The rest of this
section is devoted to giving a complete description of simple objects
in Per0(X/Y ) via Theorem 4.5. The strategy is as follows: in this
subsection, we describe simple objects in Per(D) using Corollary 4.8.
Then in the next subsection, we show that simple objects in Per0(X/Y )
are either Ox for x /∈ D or a pushforward of some simple object in
Per(D).
Below we use the notation in Corollary 4.8. First we note the fol-
lowing:
Lemma 4.11. We have VD ∈ C0D, i.e.
RHomD(OD,VD) = RHomD(OD(D),VD) = 0.
Proof. The result obviously follows from the exact sequence (46). 
Remark 4.12. A similar result is not true for the vector bundle V on
X. Indeed we have Hom(OX ,V) 6= 0.
7Kawamata informed the author that he later proved the minimality of DY .
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Next we investigate the structure of VD.
Lemma 4.13. Suppose that f(D) is a point. Then the vector bundle
VD on D is described as follows:
• If f is type II, then VD = OP2(−2).
• If f is type III, then we have
VD ∼= OP1×P1(−1,−2)⊕2 ⊕OP1×P1(−2,−1)⊕2.
• If f is type IV, then VD ∼= Ω⊕8P2 (−1).
• If f is type V, then VD ∼= U(−1)⊕2, where U is the non-split
extension
0→ OD(−C)→ U → OD(−C)→ 0(47)
and C ⊂ D is a ruling.
Proof. The statement is obvious for type II. As for types III and IV,
the statement easily follows from Lemma 4.11 and using exceptional
collections on P2 and P1 × P1. We focus on the case of type V, which
is a less obvious case. It may be possible to construct an isomorphism
U(−1)⊕2 ∼= VD directly, but here we give an indirect proof using the
abelian category C0D given in Subsection 4.2.
Let D be the singular quadric defined by
D = {xy + z2 = 0} ⊂ P3
where [x : y : z : w] is the homogeneous coordinate of P3. Let C ⊂ D
be a ruling, defined by
C = {y = z = 0} ⊂ D.
It is easy to check that
ExtiD(OD(−C),OD(−C)) = C, i ≥ 0,(48)
using the resolution
· · · → OD(−2)⊕2 → OD(−1)⊕2 (y,z)−→ OD(−C)→ 0.
Here the morphisms between rank two vector bundles are given by the
matrix ( −z x
y z
)
.
It follows that there is a unique extension (47) up to isomorphism, and
U is a vector bundle of rank two on D. Moreover, using (47) and (48),
we can check that
ExtiD(OD(−C),U) = 0, i ≥ 1.(49)
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Next we consider the abelian category C0D. We first note that any
non-zero object E ∈ C0D is a torsion free sheaf. Indeed E ∈ C0D implies
that
H0(D,E) = H0(D,E|H(H)) = 0,
where H ∈ |OD(1)| is a general element. The above vanishing shows
that E is torsion free. By this fact, it immediately follows that the
object
OD(−3C) ∈ C0D
is a simple object in C0D. Conversely it is easy to check that an object
E ∈ C0D with rank(E) = 1 should be isomorphic to OD(−3C).
By computing Hom-groups using exact sequences (46), (47), it is
easy to see that
Hom(U(−1),VD) ∼= C4, Hom(OD(−3C),VD) ∼= C2.
This implies that there is a non-trivial morphism
U(−1)→ VD(50)
such that the composition
OD(−3C) →֒ U(−1)→ VD
is non-zero. Also note that VD ∈ C0D by Lemma 4.11. Since OD(−3C)
is the unique simple objects of C0D with rank one, and the sequence (47)
is non-split, the morphism (50) should be injective.
Let us take the exact sequence in C0D
0→ U(−1)→ VD → F → 0.(51)
By the above sequence and using (49), we see that
Hom(U(−1), F ) ∼= C2, Hom(OD(−3C), F ) ∼= C.
By the same argument as above, we have an injection U(−1) →֒ F ,
which must be an isomorphism since C0D does not contain non-zero
torsion sheaves. Therefore U(−1) ∼= F , and VD ∼= U(−1)⊕2 follows
since (51) splits by (49). 
Using the above lemma, we determine the simple objects in Per(D).
Proposition 4.14. Suppose that f(D) is a point. Then the abelian
category Per(D) is described by simple objects as follows:
• If f is type II, we have
Per(D) = 〈OP2(−3)[2],ΩP2(−1)[1],OP2(−2)〉.
• If f is type III, we have
Per(D) = 〈O(−2,−2)[2], S3(−1,−1)[1],O(−1,−2),O(−2,−1)〉.
Here S3 is the kernel of the universal morphism
0→ S3 → O(−1, 0)⊕2 ⊕O(0,−1)⊕2 → O → 0.
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• If f is type IV, we have
Per(D) = 〈OP2(−3)[2], S4(−1)[1],ΩP2(−1)〉.
Here S4 is the kernel of the universal morphism
0→ S4 → Ω⊕3P2 → OP2(−1)→ 0.
• If f is type V, we have
Per(D) = 〈OD(−2)[2], S5(−1)[1],OD(−3C)〉.
Here C ⊂ D is a ruling and S5 is a rank three vector bundle on
D which fits into an exact sequence
0→ S5 → U⊕2 → OD → 0,(52)
where U is defined by (47).
Proof. Let V†D be
V†D =

OP2(−2) in Type II,
O(−1,−2)⊕O(−2,−1) in Type III,
ΩP2(−1) in Type IV,
U(−1) in Type V.
By Corollary 4.8 and Lemma 4.13, setting E †D = OD ⊕ OD(−1) ⊕ V†D
and A†D = End(E †D), we have the derived equivalence
Φ†D = RHom(E †D, ∗) : DbCoh(D) ∼→ Dbmod(A†D),
which restricts to an equivalence between Per(D) and mod(A†D). The
algebra A†D is a finite dimensional C-algebra, and there is a finite num-
ber of simple objects in mod(A†D). Therefore it is enough to find objects
in Per(D) which are sent to simple objects in mod(A†D) after applying
Φ†D.
We only discuss the type V case. The other cases are similarly dis-
cussed. By the sequence (47), we have an isomorphism of C-algebras
End(U(−1)) ∼= C[T ]/T 2.
Also noting Lemma 4.11, we see that the algebra A†D is a path algebra
of a quiver of the form
• • •
T
(53)
with relations T 2 = 0 and others which we omit. Therefore there
are only three simple objects in mod(A†D) corresponding to the three
vertices.
We have
dimCΦ
†
D(OD(−2)[2]) = dimCΦ†D(OD(−3C)) = 1.
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Hence OD(−2)[2] and OD(−3C) are simple objects in Per(D), and
they correspond to the left vertex, right vertex of the quiver (53) re-
spectively. In order to describe the simple object corresponding to the
middle vertex, we note that
RHomD(OD,OD(−1)) = 0,
RHomD(OD(−1),OD(−1)) = C,
RHomD(U(−1),OD(−1)) = C4.
In particular, we have OD(−1) ∈ Per(D).
The T -action on HomD(U(−1),OD(−1)) is given by the composition
HomD(U(−1),OD(−1))։HomD(OD(−3C),OD(−1))
∼= C⊕2 →֒ HomD(U(−1),OD(−1)),
induced by the exact sequence (47). Therefore we have an isomorphism
as End(U(−1))-modules
HomD(U(−1),OD(−1)) ∼=
(
C[T ]/T 2
)⊕2
,
which is isomorphic to Φ†D(U(−1)⊕2) as A†D-modules. If S5(−1)[1] ∈
Per(D) is the simple object corresponding to the middle vertex, the
above argument implies the existence of an exact sequence in Per(D)
U(−1)⊕2 (φ1,φ2)→ OD(−1)→ S5(−1)[1].
Here φ1, φ2 form a basis of HomD(U(−1),OD(−1)) as C[T ]/T 2-module.
We show that S5 must be a sheaf. Suppose that S5 is not a sheaf, or
equivalently H0(S5(−1)[1]) is non-zero. By the construction of φi, the
composition
OD(−3C) →֒ U(−1) φi→ OD(−1)
is non-zero. Therefore we have
Cok(φi) ∼= Cok(φ′i : OD(−3C)→ OC(−1))
for some non-zero morphism φ′i. This implies that Cok(φi) is zero
dimensional, hence H0(S5(−1)[1]) is also a zero dimensional sheaf. On
the other hand, by the quiver description (53) of mod(A†D), it is easy
to see that there is no morphism from Φ†D(S5(−1)[1]) to Φ†D(Ox) for
any x ∈ D. This is a contradiction since the natural morphism
S5(−1)[1]→ H0(S5(−1)[1])
also becomes a zero map. Therefore S5 is a sheaf (indeed a vector
bundle) on D which fits into an exact sequence (52). 
Remark 4.15. The above analysis of the derived category of the singu-
lar quadric D ⊂ P3 shows that there is a semi orthogonal decomposition
DbCoh(D) = 〈OD,OD(−1), Dbmod
(
C[T ]/T 2
)〉.
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This fact seems to be not seen in literatures.
4.5. Simple objects in Per0(X/Y ). In this subsection, we determine
the simple objects in Per0(X/Y ), where Per0(X/Y ) is defined in (44).
We first recall the result by Van den Bergh [14].
Proposition 4.16. ([14]) Suppose that f(D) is a curve. Then Per0(X/Y )
is described by simple objects as
Per0(X/Y ) = 〈Ox,OLy(−2)[1],OLy(−1) : x ∈ X \D, y ∈ f(D)}.
(54)
Here Ly := f
−1(y) ∼= P1.
Below we assume that f(D) is a point. We need the following prop-
erty of Per(X/Y ), which will be also used in the next section:
Proposition 4.17. Suppose that f(D) is a point. For E ∈ Per(X/Y ),
we have
(i) Hi(E) = 0 for i /∈ {−2,−1, 0}.
(ii) H−1(E), H−2(E) are supported on D.
(iii) H0(E),H−2(E)[2] ∈ Per(X/Y ).
Proof. The statement is local on Y , so we may assume that Y is affine.
Let us take a general member H ∈ |OX(−D)|. We have the distin-
guished triangle
Rf∗E → Rf∗ (E(−D))→ Rf∗ (E|H(−D)) .
Since Φ0(E) ∈ Coh(A0), the left two objects are coherent sheaves on
Y . Therefore
Rif∗ (E|H(−D)) = 0, i 6= −1, 0.
On the other hand, we have the spectral sequence
Ep,q2 = R
pf∗ (Hq(E)|H(−D))⇒ Rp+qf∗ (E|H(−D))
which degenerates since the fibers of f |H are at most one dimensional.
(cf. [10, Lemma 3.1].) Therefore we have
Rpf∗ (Hq(E)|H(−D)) = 0(55)
if p+ q 6= −1, 0, or equivalently
(p, q) 6= (0, 0), (0,−1), (1,−1), (1,−2).
Hence for q /∈ {−2,−1, 0}, we have the isomorphism
Rf∗Hq(E) ∼→ Rf∗ (Hq(E)(−D)) .(56)
We show that (56) vanishes for q /∈ {−2,−1, 0}. Let us consider the
spectral sequence
Ep,q2 = R
pf∗Hq(E)⇒ Rp+qf∗E.(57)
STABILITY CONDITIONS AND EXTREMAL CONTRACTIONS 35
Since Rf∗E ∈ Coh(Y ), the morphism
f∗Hq(E)→ R2f∗Hq−1(E)(58)
is an isomorphism for q /∈ {−1, 0}, injective for q = −1 and surjective
for q = 0. Also we have
R1f∗Hq(E) = 0, q 6= −1.
Hence if we have
R2f∗Hq(E) = 0, q ≤ −3, q ≥ 0,(59)
then the vanishing of (56) for q /∈ {−2,−1, 0} follows. The condition
(59) follows from the vanishing (55) for p = 1, q ≤ −3, q ≥ 0 and the
duality argument given in the proof of [34, Theorem 6.1].
By the vanishing of (56) for q /∈ {−2,−1, 0}, we have
Hq(E) ∈ C0, q /∈ {−2,−1, 0}.
Therefore we must haveHq(E) = 0 for q /∈ {−2,−1, 0} by the definition
of Per(X/Y ). So (i) is proved. The result of (ii) follows from that (58)
is injective for q = −2,−1.
Now since (i) is proved, the spectral sequence (57) and a similar one
for H0(E)(−D) shows
Rif∗H0(E) = Rif∗
(H0(E)(−D)) = 0, i ≥ 1.
Hence we have Φ0(H0(E)) ∈ Coh(A0). Since we have
Hom(C<0,H0(E)) = Hom(C>0,H0(E)) = 0,
it follows that H0(E) ∈ Per(X/Y ). A similar argument also shows
H−2(E)[2] ∈ Per(X/Y ). 
Using the notation of Corollary 4.7 and Corollary 4.8, we show the
following:
Lemma 4.18. Suppose that f(D) is a point. Then the restriction
morphism of algebras
End(Ê , Ê)→ End(ED, ED)(60)
is surjective. In particular, the inclusion i : D →֒ X induces a fully
faithful functor
i∗ : Per(D) →֒ Per0(X/Y ).(61)
Proof. As for the first statement, it is enough to show Ext1
X̂
(Ê(−D), Ê) =
0. By the formal function theorem, we have
Ext1
X̂
(Ê(−D), Ê) ∼= lim
←−
Ext1Dn(Ê(−D)|Dn, Ê |Dn).
Here Dn is the divisor nD. Applying HomX̂(Ê(−D), ∗) to the exact
sequence
0→ ED(−nD)→ Ê|Dn+1 → Ê|Dn → 0,
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it is enough to show
Ext1D(ED, ED(−nD)) = 0, n ≥ 0.
The above vanishing holds if ED(−nD) ∈ Per(D), since ED is a pro-
jective object of Per(D). Using the exact sequence (46), it is easy to
check that
RHomD(OD ⊕OD(D), ED(−nD)) ∈ mod(AD)
for n ≥ 0. Noting ED(−nD) ∈ Coh(D), it follows that ED(−nD) is an
object in Per(D).
As for the latter statement, the morphism (60) induces a functor
mod(AD)→ mod(Â)
which is fully faithful since (60) is surjective. Applying ΦD and Φ̂,
we see that i∗ : D
bCoh(D) → DbCoh(X̂) restricts to a fully faithful
functor
i∗ : Per(D) →֒ Per0(X̂/Ŷ ).(62)
On the other hand, the morphism of schemes X̂ → X obviously induces
a fully faithful functor
Per0(X̂/Ŷ ) →֒ Per0(X/Y ).(63)
By (62) and (63), it follows that i∗ induces the fully faithful functor
(61). 
Remark 4.19. By the surjection (60), it follows that the subcategory
Per(D) ⊂ Per0(X̂/Ŷ )(64)
via (62) is closed under subobjects and quotients.
We also prepare another lemma.
Lemma 4.20. Let E ∈ Per0(X̂/Ŷ ) be a simple object. Then Hi(E) is
OD-module for all i ∈ Z.
Proof. For x ∈ m0 ⊂ OŶ , we have the morphism
E
x→ E.
Since E is simple and supported on D, the above morphism must be a
zero map. In particular, the induced morphism on Hi(E) is also a zero
map. Since Cok(f ∗m0 → OX̂) = OD, this implies that each Hi(E) is
OD-module. 
Using the above lemmas, we show the following:
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Proposition 4.21. Suppose that f(D) is a point. Then E ∈ Per0(X/Y )
is a simple object if and only if E ∼= Ox for x /∈ D or E ∼= i∗F for a
simple object F ∈ Per(D), where i∗ is given in (61). In particular, we
have
Per0(X/Y ) = 〈Ox, i∗ Per(D) : x ∈ X \D〉.
Proof. It is obvious that an object Ox for x /∈ D is a simple object
in Per0(X/Y ). Let E ∈ Per0(X/Y ) be a simple object which is not
isomorphic to Ox for any x /∈ D. Then E is supported on D, hence
E ∈ Per0(X̂/Ŷ ). By Lemma 4.18 and Remark 4.19, it is enough to
show that E is contained in the subcategory (64).
First suppose that H0(E) is non-zero. By Proposition 4.17, H0(E) ∈
Per0(X̂/Ŷ ) and we have the non-zero morphism
E →H0(E).
The above morphism must be injective in Per0(X̂/Ŷ ), since E is a
simple object in Per0(X̂/Ŷ ). By Lemma 4.20, the sheaf H0(E) is
OD-module, hence H0(E) ∈ Per(D). Then we have E ∈ Per(D) by
Remark 4.19.
Next suppose that H0(E) = 0 and H−2(E) 6= 0. By the same argu-
ment as above, we have the non-zero morphism
H−2(E)[2]→ E
which must be surjective in Per0(X̂/Ŷ ). Hence we have E ∈ Per(D)
by Lemma 4.20 and Remark 4.19. Also if H0(E) = H−2(E) = 0, then
E = H−1(E)[1] and E ∈ Per(D) follows from Lemma 4.20.
Finally Per0(X/Y ) is a finite length abelian category by Theorem 4.5,
so it is generated by its simple objects. The last statement follows from
this fact. 
5. Conjectural Bridgeland stability conditions
In this section, we prove Theorem 1.4 using the results in the previous
section. Throughout this section, X is a smooth projective 3-fold,
f : X → Y is an extremal contraction and D ⊂ X is the exceptional
divisor.
5.1. First tilting of Per(X/Y ). For an ample divisor ω on Y , we con-
sider f ∗ω-slope function on Per(X/Y ) and apply a similar construction
as in Subsection 3.4.
For E ∈ Per(X/Y ), the f ∗ω-slope is defined by
µf∗ω(E) =
ch1(E) · (f ∗ω)2
ch0(E)
.
Here µf∗ω(E) = ∞ when ch0(E) = 0. Similarly to Definition 3.5,
we can define the µf∗ω-stability on Per(X/Y ), which has the Harder-
Narasimhan property:
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Lemma 5.1. Any object in Per(X/Y ) admits a Harder-Narasimhan
filtration with respect to µf∗ω-stability.
Proof. By Theorem 4.5, the abelian category Per(X/Y ) is noetherian,
and the lemma is proved along with the same argument of Lemma 3.6.

By the above lemma, the torsion pair (Tf∗ω,Ff∗ω) is defined exactly
as in the same way of Subsection 3.4. Its tilting is similarly defined,
Bf∗ω = 〈Ff∗ω[1], Tf∗ω〉.
We have the following lemma:
Lemma 5.2. The abelian category Bf∗ω is noetherian.
Proof. The statement follows from the same argument of [12, Proposi-
tion 7.1], with a minor modification. Suppose that there is an infinite
sequence of surjections in Bf∗ω,
E = E1 ։ E2 ։ · · ·։ Ei ։ Ei+1 ։ · · · .(65)
Let us take the exact sequence in Bf∗ω
0→ Li → E → Ei → 0.
Since ch1(∗) · (f ∗ω)2 ≥ 0 on Bf∗ω, we may assume that ch1(Ei) · (f ∗ω)2
is constant. Hence ch1(Li) · (f ∗ω)2 = 0, which implies that
Li ∈
〈
F [1], T :
F ∈ Per(X/Y ) is µf∗ω-semistable with
µf∗ω(F ) = 0, T ∈ Per≤1(X/Y ).
〉
.(66)
Applying the same argument of [12, Proposition 7.1], replacing Coh(X)
by Per(X/Y ), we arrive at the exact sequences in Per(X/Y )
0→ Q→H−1p (Ei)→ H0p(Li)→ 0,
where Q ∈ Ff∗ω is independent of i and inclusions in Per(X/Y )
H−1p (E1) ⊂ H−1p (E2) ⊂ · · · ⊂ H−1p (Ei) ⊂ H−1p (Ei+1) ⊂ · · · .
We apply the equivalence Φ in Theorem 4.5, and forget the A -module
structures. We obtain the exact sequence in Coh(Y )
0→ Φ(Q)→ Φ(H−1p (Ei))→ Φ(H0p(Li))→ 0.
Since H0p(Li) ∈ Per≤1(X/Y ), the sheaf Φ(H0p(Li)) is at most one di-
mensional. On the other hand, since Q ∈ Ff∗ω satisfies
Hom(Per≤2(X/Y ), Q) = 0,
the sheaf Φ(Q) is a torsion free sheaf on Y . Similarly Φ(H−1p (Ei)) is
also torsion free, so we have the sequence in Coh(Y )
Φ(Q) ⊂ Φ(H−1p (E1)) ⊂ Φ(H−1p (E2)) ⊂ · · · ⊂ Φ(Q)∨∨.
The above sequence terminates since Coh(Y ) is noetherian. Therefore
the sequence (65) also terminates. 
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5.2. Second tilting of Per(X/Y ). In this subsection, we tilt Bf∗ω
again. This is an analogy of the double tilting of Coh(X) in [6] for
Per(X/Y ).
We first show the following lemma, whose proof relies on the results
in the previous section.
Lemma 5.3. There is b ∈ Q such that we have
chbD3 (E) > 0(67)
for any 0 6= E ∈ Per0(X/Y ).
Proof. Suppose that f(D) is a curve. Then by calculating Chern char-
acters of simple objects in the RHS of (54), the desired inequality (67)
is checked to hold when
1
2
< b <
3
2
.
Next suppose that f(D) is a point. By Proposition 4.21, it is enough
to find b ∈ Q so that the inequality (67) holds for any object E = i∗F ,
where F ∈ Per(D) is a simple object. Similarly to the case that f(D) is
a curve, such b can be found by computing Chern characters of simple
objects in Per(D) appearing in Proposition 4.14.
We give some more detail on the computation for the type V case.
We have
ch(i∗OD(−1)) = (0, D,−C, 1/3) ,
ch(i∗S5) = (0, 3D,−C,−1),
ch(i∗OD(−C)) = (0, D, 0,−1/6).
Therefore, setting c = 1− b, we have
chbD3 (i∗OD(−2)[2]) = c2 + c+ 1/3,
chbD3 (i∗S5(−1)[1]) = −3c2 − c+ 1,
chbD3 (i∗OD(−3C)) = c2 − 1/6.
We want to find b so that all the above values are positive. The solution
of the inequalities is
1 +
√
6
6
< b <
7
6
+
√
13
6
or
7
6
−
√
13
6
< b < 1−
√
6
6
.
The other cases are similarly calculated. The result is as follows: in
type III case, the result is the same as in type V case, and
2−
√
6
3
< b < 2 +
√
6
3
in type II,
3
4
+
√
15
12
< b <
4
5
+
√
6
6
in type IV.

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Let us take b ∈ Q as in Lemma 5.3, and set B = bD. Note that we
have
chBi (∗)(f ∗ω)3−i = chi(∗)(f ∗ω)3−i, 0 ≤ i ≤ 1.(68)
Next we generalize Bogomolov-Gieseker inequality for perverse coher-
ent sheaves to our 3-fold situation.
Proposition 5.4. For any µf∗ω-semistable object E ∈ Per(X/Y ) with
ch0(E) > 0, we have the inequality{
ch1(E) · (f ∗ω)2
}2 ≥ 2ω3 ch0(E)(chB2 (E) · f ∗ω).(69)
Proof. First suppose that f(D) is a point. Note that the equality (68)
also holds for i = 2 in this case. By Proposition 4.17, H0(E) is tor-
sion free outside D. Since sheaves supported on D do not affect µf∗ω,
the free part of H0(E) is a µf∗ω-semistable sheaf. Then the desired
inequality (69) follows from the Bogomolov-Gieseker inequality for the
free part of H0(E).
Next suppose that f(D) is a curve. Similarly to the proof of Propo-
sition 3.9, E is a coherent sheaf. Also there is an exact sequence
0→ T → E → F → 0
such that F is a torsion free µf∗ω-semistable sheaf, T is a torsion sheaf
supported on D with T [1] ∈ Per(X/Y ). By Theorem 2.7, the Hodge
index theorem and noting (68), we have{
ch1(F ) · (f ∗ω)2
}2
/ω3 ≥ chB1 (F )2f ∗ω
≥ 2 ch0(F ) chB2 (F )f ∗ω.
By the argument as in Remark 3.10, it is enough to show that chB2 (T ) ·
f ∗ω ≤ 0.
By Theorem 4.5, the condition T [1] ∈ Per(X/Y ) is equivalent to
f∗T = f∗ (T (−D)) = 0.
Let W ⊂ Y be a divisor which is linearly equivalent to some multiple
of ω, and Z := f−1(W ). If we take W to be smooth and general, then
f |Z : Z →W is a blow up at a finite number of points, and
f |Z∗(T |Z) = f |Z∗ (T |Z(−D)) = 0.
Then T |Z [1] ∈ Per0(X/Y ) by Theorem 4.5, so Lemma 5.3 implies
chB2 (T [1]) · Z = chB3 (T |Z [1]) > 0.
Therefore chB2 (T ) · f ∗ω ≤ 0 follows. 
We consider the central charge ZB,f∗ω given by (7). Noting (68),
ZB,f∗ω(E) is written as(
− chB3 (E) +
(f ∗ω)2
2
ch1(E)
)
+
√−1
(
f ∗ω chB2 (E)−
ω3
6
ch0(E)
)
.
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As an analogy of [6, Lemma 3.2.1], we have the following lemma:
Lemma 5.5. For any non-zero object E ∈ Bf∗ω, one of the following
conditions hold:
(a) ch1(E) · (f ∗ω)2 > 0.
(b) ch1(E) · (f ∗ω)2 = 0 and ImZB,f∗ω(E) > 0.
(c) ch1(E) · (f ∗ω)2 = ImZB,f∗ω(E) = 0 and ReZB,f∗ω(E) < 0.
Proof. By the construction of Bf∗ω, we always have ch1(E)·(f ∗ω)2 ≥ 0.
Suppose that ch1(E) · (f ∗ω)2 = 0. Then E is contained in the RHS of
(66). If F is a µf∗ω-semistable object in Per(X/Y ) with µf∗ω(F ) = 0,
then chB2 (F ) · f ∗ω ≤ 0 by Proposition 5.4. Hence ImZB,f∗ω(F [1]) > 0
holds. Also for an object T ∈ Per≤1(X/Y ), we have ch2(T ) · f ∗ω ≥ 0,
hence ImZB,f∗ω(T ) ≥ 0. Then the inequality ImZB,f∗ω(E) ≥ 0 follows
from these inequalities. Finally if ch1(E) · (f ∗ω)2 = ImZB,f∗ω(E) = 0,
the above argument shows E ∈ Per0(X/Y ). Hence ReZB,f∗ω(E) < 0
follows from our choice of B = bD that the condition of Lemma 5.3 is
satisfied. 
We define the slope function νB,f∗ω on Bf∗ω to be
νB,f∗ω(E) =
ImZB,f∗ω(E)
ch1(E) · (f ∗ω)2 .
Here νB,f∗ω(E) =∞ if ch1(E) · (f ∗ω)2 =∞. By Lemma 5.5, the above
slope function is an analogy of the slope function for torsion free sheaves
on algebraic surfaces. Also a similar slope function was defined on a
tilting of Coh(X) in [6]. The following is the analogy of ‘tilt stability’
in [6] for the tilting of perverse t-structure.
Definition 5.6. A non-zero object E ∈ Bf∗ω is νB,f∗ω-(semi)stable if
for any exact sequence 0 → F → E → G → 0 in Bf∗ω, we have the
inequality
νB,f∗ω(F ) < (≤)νB,f∗ω(G).
Lemma 5.7. Any object in Bf∗ω admits a Harder-Narasimhan filtra-
tion with respect to νB,f∗ω-stability.
Proof. Since Bf∗ω is noetherian by Lemma 5.2, the same argument
of [12, Proposition 7.1] is applied. 
We consider the following subcategories of Bf∗ω:
T ′B,f∗ω := 〈E : E is νB,f∗ω-semistable with νB,f∗ω(E) > 0〉,
F ′B,f∗ω := 〈E : E is νB,f∗ω-semistable with νB,f∗ω(E) ≤ 0〉.
By Lemma 5.7, the pair of subcategories (T ′B,f∗ω,F ′B,f∗ω) forms a torsion
pair on Bf∗ω. By tilting, we have the following heart of a t-structure:
Definition 5.8. We define AB,f∗ω ⊂ DbCoh(X) to be
AB,f∗ω := 〈F ′B,f∗ω[1], T ′B,f∗ω〉.
42 YUKINOBU TODA
Note that, by the construction of AB,f∗ω, we have
ZB,f∗ω(AB,f∗ω \ {0}) ⊂ {z ∈ C : Im z ≥ 0}.(70)
5.3. Conjectures. Let us consider the pair
σB,f∗ω = (ZB,f∗ω,AB,f∗ω).
Similarly to [6, Conjecture 3.2.6], we propose the following conjecture:
Conjecture 5.9. We have σB,f∗ω ∈ Stab(X).
Remark 5.10. For 0 < ε≪ 1 so that f ∗ω−εD is ample, a conjectural
Bridgeland stability condition
σB,f∗ω−εD = (ZB,f∗ω−εD,AB,f∗ω−εD)(71)
is constructed in [6]. If both of [6, Conjecture 3.2.6] and Conjecture 5.9
are true, then we conjecture that
lim
ε→+0
σB,f∗ω−εD = σB,f∗ω(72)
in Stab(X). The above equality should follow from the support prop-
erty of σB,f∗ω. Proving this would require further evaluations of Chern
classes of σB,f∗ω-semistable objects, as we discussed in Section 3 for
surfaces.
If Conjecture 5.9 is true, we are interested in the subcategory of
semistable objects of phase one. Although we are not able to prove
Conjecture 5.9 yet, such a subcategory is well-defined as follows:
Definition 5.11. We define PB,f∗ω(1) to be
PB,f∗ω(1) := {E ∈ AB,f∗ω : ImZB,f∗ω(E) = 0}.
Note that PB,f∗ω(1) is an abelian subcategory of AB,f∗ω. The con-
struction of AB,f∗ω immediately implies
PB,f∗ω(1) =
〈
F [1], T :
F ∈ Bf∗ω is νB,f∗ω-semistable with
νB,f∗ω(F ) = 0, T ∈ Per0(X/Y ).
〉
.(73)
Remark 5.12. The abelian categories AB,f∗ω and PB,f∗ω(1) are inde-
pendent of B if f(D) is a point.
In order to show Conjecture 5.9, we need to show the axiom (6). As
in [6], this condition is equivalent to the following Bogomolov-Gieseker
type inequality evaluating ch3:
Conjecture 5.13. Take b ∈ Q as in Lemma 5.3 and set B = bD.
Then for any νB,f∗ω-semistable object E ∈ Bf∗ω with νB,f∗ω(E) = 0, we
have the inequality
chB3 (E) <
(f ∗ω)2
2
ch1(E).
Indeed we have the following:
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Proposition 5.14. Suppose that Conjecture 5.13 is true. Then we
have (ZB,f∗ω,AB,f∗ω) ∈ Stab†(X).
Proof. First we check (6). By the condition (70), it is enough to check
that any non-zero object E ∈ PB,f∗ω(1) satisfies ReZB,f∗ω(E) < 0.
Since E is contained in the RHS of (73), the condition ReZB,f∗ω(E) < 0
follows from Conjecture 5.13 and our choice of B = bD so that the
condition of Lemma 5.3 is satisfied.
In Proposition 5.15 below, we show that the abelian category AB,f∗ω
is noetherian. The Harder-Narasimhan property follows from this fact
and the same argument of Lemma 3.6. The locally finiteness is obvious
since the image of ZB,f∗ω is a discrete subgroup in C. 
5.4. Finite length property. This subsection is devoted to showing
some technical results: noetherian property of AB,f∗ω and finite length
property of PB,f∗ω(1). Both of them are necessary conditions for the
Conjecture 5.9 to hold.
Proposition 5.15. The abelian category AB,f∗ω is noetherian.
Proof. We give a direct proof for this fact without passing to polynomial
stability conditions as in [6, Proposition 5.2.2]. Suppose that there is
an infinite sequence of surjections in AB,f∗ω
E = E1 ։ E2 ։ · · ·։ Ei ։ Ei+1 ։ · · · .
Let us take the exact sequence in AB,f∗ω
0→ Li → E → Ei → 0.
Since ImZB,f∗ω(∗) ≥ 0 on AB,f∗ω, we may assume that ImZB,f∗ω(Ei) is
constant. Hence ImZB,f∗ω(Li) = 0, which implies that Li is contained
in the RHS of (73). Similarly to the proof of Lemma 5.7, if we apply the
same argument of [12, Proposition 7.1], we arrive at the exact sequences
in Bf∗ω
0→ Q→ H−1B (Ei)→H0B(Li)→ 0
where Q ∈ F ′B,f∗ω is independent of i, andHiB(∗) is the i-th cohomology
functor with respect to the t-structure with heart Bf∗ω. We also have
the inclusions in Bf∗ω
H0B(L1) ⊂ H0B(L2) ⊂ · · · ⊂ H0B(Li) ⊂ H0B(Li+1) ⊂ · · · .(74)
Since H0B(Li) ∈ Per0(X/Y ), the object Φ(H0B(Li)) is a zero dimen-
sional sheaf as OY -module. Hence it is enough to bound the length of
Φ(H0B(Li)).
In order to reduce the notation, we set
Vi = H−1B (Ei), Ti = H0B(Li).
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By Lemma 5.16 below, we have the exact sequences in Bf∗ω
0→ Q(1) → Q→ Q(2) → 0
0→ V (1)i → Vi → V (2)i → 0
which respect the torsion pair (T †,F †). Using the snake lemma, it is
easy to see that there are exact sequences in Bf∗ω
0→ Q(j) → V (j)i → T (j)i → 0,(75)
0→ T (1)i → Ti → T (2)i → 0,
for some T
(j)
i ∈ Per0(X/Y ) with j = 1, 2. Since Φ(T (j)i ) is a zero
dimensional sheaf, it is enough to bound its length.
First we bound the length of Φ(T
(1)
i ). By applying DΦ given in
Lemma 5.17 below to the sequence (75) for j = 1, we obtain the dis-
tinguished triangle in DbCoh(Y )
DΦ(T
(1)
i )→ DΦ(V (1)i )→ DΦ(Q(1)).
Note that Q(1), V
(1)
i ∈ T †∩F ′B,f∗ω. Therefore Lemma 5.17 implies that
H2(DΦ(Q(1))) is zero dimensional, and we obtain the exact sequence
in Coh(Y )
H2(DΦ(V (1)i ))→ H2(DΦ(Q(1)))→H3(DΦ(T (1)i ))→ 0.
Since H3(DΦ(T (1)i )) is a zero dimensional sheaf whose length is equal
to the length of Φ(T
(1)
i ), we obtain the bound of the length of Φ(T
(1)
i ).
As for the bound of the length of Φ(T
(2)
i ), let Q
(3), V
(3)
i be the max-
imal subobjects of Q(2), V
(2)
i in Per(X/Y ) contained in Per≤2(X/Y ),
and set
Q(4) = Q(2)/Q(3), V
(4)
i = V
(2)
i /V
(3)
i .
Similarly as above, we have the exact sequences in Per(X/Y )
0→ Q(j) → V (j)i → T (j)i → 0
0→ T (3)i → T (2)i → T (4)i → 0,
for some T
(j)
i ∈ Per0(X/Y ) with j = 3, 4. Since Φ(Q(4)) and Φ(V (4)i )
are torsion free sheaves on Y , the bound of the length of Φ(T
(4)
i ) is
obtained since
Φ(T
(4)
i ) ⊂ Φ(Q(4))∨∨/Φ(Q(4)).
Also since Φ(Q(3)) and Φ(V
(3)
i ) are pure two dimensional sheaves on Y ,
the bound of the length of Φ(T
(3)
i ) is obtained by taking the projection
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Y
φ
99K P2, which is defined and finite over the support of Φ(Q(3)), and
noting that
φ∗Φ(T
(3)
i ) ⊂ φ∗Φ(Q(3))∨∨/φ∗Φ(Q(3)).

We have used the following lemmas:
Lemma 5.16. There is a torsion pair (T †,F †) on Bf∗ω such that
• E ∈ T † if and only ifH−1p (E) ∈ Ff∗ω andH0p(E) ∈ Per≤1(X/Y ).
• E ∈ F † if and only if H−1p (E) = 0, H0p(E) ∈ Tf∗ω and
Hom(Per≤1(X/Y ),H0p(E)) = 0.
Proof. If we define (T †,F †) in a required way, then it is obvious that
Hom(T †,F †) = 0. For any E ∈ Bf∗ω, the decomposition of E into
objects in T † and F † is obtained by composing the exact sequence in
Bf∗ω
0→H−1p (E)[1]→ E →H0p(E)→ 0
with the exact sequence
0→ T1 →H0p(E)→ T2 → 0
where T1 is the maximal subobject of H0p(E) in Per(X/Y ) contained
in Per≤1(X/Y ). 
Lemma 5.17. For an object E ∈ T † ∩ F ′B,f∗ω, the object
DΦ(E) := RHomOY (Φ(E),OY ) ∈ DbCoh(Y )
satisfies that H1(DΦ(E)) is a torsion free sheaf, H2(DΦ(E)) is zero
dimensional and Hi(DΦ(E)) = 0 for i 6= 1, 2.
Proof. We first show that
HomY (Coh≤1(Y ),Φ(E)) = 0.(76)
Suppose that there is F ∈ Coh≤1(Y ) and a non-trivial morphism F →
Φ(E). By taking the adjunction, we have
HomA (F
L⊗OY A ,Φ(E)) 6= 0.(77)
Let us consider the object Φ−1(F
L⊗OY A ). We have HipΦ−1(F
L⊗OY
A ) = 0 for i ≥ 1 and it is an object in Per≤1(X/Y ) for i ≤ 0. On the
other hand, since E ∈ T † ∩ F ′B,f∗ω, we have
Hom(Per≤1(X/Y )[i], E) = 0, i ≥ 0.
This contradicts to (77), so (76) holds.
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By the assumption and (76), Φ(E) fits into the distinguished triangle
in DbCoh(Y )
U [1]→ Φ(E)→ F
such that U is a reflexive sheaf on Y and F ∈ Coh≤1(Y ). Then the
required property for DΦ(E) is proved by dualizing the above sequence
and using (76), the property of the derived dual of reflexive sheaves
and that of one dimensional sheaves. The detail is found in the proof
of [31, Lemma 3.8]. 
We also show the following:
Proposition 5.18. The abelian category PB,f∗ω(1) is of finite length.
Proof. By Proposition 5.15, PB,f∗ω(1) is noetherian, so it is enough
to show that PB,f∗ω(1) is artinian. Suppose that there is an infinite
sequence in PB,f∗ω(1)
E = E1 ⊃ E2 ⊃ · · · .(78)
We take the exact sequence in PB,f∗ω(1)
0→ Ei → E → Fi → 0.
Since ch1(∗)(f ∗ω)2 is non-positive on PB,f∗ω(1) by (73), we may as-
sume that ch1(Ei)(f
∗ω)2 is independent of i. Then ch1(Fi)(f
∗ω)2 = 0,
hence Fi ∈ Per0(X/Y ) by (73). In the notation of the proof of Propo-
sition 5.15, we have the surjection in Per0(X/Y ):
H0B(E)։ Fi.
Applying Φ in Theorem 4.5, we see that Φ(Fi) is a zero dimensional
sheaf whose length is bounded above by the length of Φ(H0B(E)). Hence
the sequence (78) terminates. 
5.5. Proof of Theorem 1.4. Let MσB,f∗ω([Ox]) be the set of isomor-
phism classes of objects E ∈ PB,f∗ω(1) satisfying ch(E) = ch(Ox) for
x ∈ X . Note that by Proposition 5.18, we can define S-equivalence
classes of objects in MσB,f∗ω([Ox]). Also by (73), it follows that
MσB,f∗ω([Ox]) = {E ∈ Per0(X/Y ) : ch(E) = ch(Ox)}.
In particular we have Ox ∈ MσB,f∗ω([Ox]) for any x ∈ X . We investi-
gate S-equivalence classes of objects Ox in the following proposition:
Proposition 5.19. (i) For x, x′ ∈ X, the objects Ox and Ox′ are S-
equivalent in MσB,f∗ω([Ox]) if and only if f(x) = f(x′).
(ii) An object E ∈ MσB,f∗ω([Ox]) is isomorphic to Ox for x /∈ D or
supported on D. In the latter case, suppose moreover that Supp(E) is
connected when f(D) is a curve. Then E is S-equivalent to Ox for
x ∈ D.
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Proof. (i) Suppose that Ox and Ox′ are S-equivalent. If x /∈ D, then
Ox is a simple object in Per0(X/Y ). Hence Ox′ should be isomorphic
to Ox, which implies x = x′. If x ∈ D, then x′ ∈ D by the above
argument. This implies that f(x) = f(x′) when f(D) is a point. When
f(D) is a curve and x, x′ ∈ D, we have
gr(Ox) ∼= OLf(x)(−2)[1]⊕OLf(x)(−1),(79)
by Proposition 4.16. Therefore we must have Lf(x) = Lf(x′), which is
equivalent to f(x) = f(x′).
Conversely suppose that f(x) = f(x′). If x /∈ D, we have x = x′, so
Ox and Ox′ are isomorphic. Suppose that x, x′ ∈ D. When f(D) is a
curve, the isomorphism (79) shows that Ox and Ox′ are S-equivalent.
When f(D) is a point, then Ox,Ox′ are objects in Per0(X̂/Ŷ ), which
has only a finite number of simple objects. SinceD is connected, the ar-
gument of [4, Lemma 3.7] shows thatOx andOx′ are S-equivalent. This
fact can be also checked by using simple objects in Proposition 4.14 di-
rectly. For instance if f is type V, we have the resolutions
0→ OD(−1)→ S5 → OD(−C)⊕2 → Ox → 0, x ∈ Sing(D),
0→ OD(−1)→ S5 → U → Ox → 0, x /∈ Sing(D).
Therefore for any x ∈ D, Ox is S-equivalent to
OD(−2)[2]⊕ S5(−1)[1]⊕OD(−3C)⊕2.(80)
(ii) Let us take an object E ∈ Per0(X/Y ). Then E is a direct
sum of zero dimensional sheaves supported outside D and an object
in Per0(X/Y ) supported on D. If we take b ∈ Q as in Lemma 5.3,
then any direct summand of E satisfies (67). Therefore if E satisfies
ch(E) = ch(Ox) for x ∈ X , then E is isomorphic to Ox for x /∈ D or
supported on D.
In the latter case, we first discuss the case that f(D) is a curve. By
Proposition 4.16, E is S-equivalent to
Ey,y′ := OLy(−2)[1]⊕OLy′ (−1)(81)
for some y, y′ ∈ f(D). If Supp(E) is connected, then y = y′, hence E
is S-equivalent to Ox for x ∈ f−1(y) by (79).
When f(D) is a point, we only discuss the type V case. The other
cases are similarly discussed. By Proposition 4.14 and Proposition 4.21,
E is S-equivalent to
OD(−2)[2]⊕a ⊕ S5(−1)[1]⊕b ⊕OD(−3C)⊕c
for some a, b, c ∈ Z≥0. By the Chern character computation in the proof
of Lemma 5.3, the condition ch(E) = ch(Ox) becomes a− 3b+ c = 0,
−a + b = 0 and a/3 + b − c/6 = 1. The solution is a = b = 1, c = 2,
hence E is S-equivalent to Ox for x ∈ D by (80). 
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Remark 5.20. In Proposition 5.19 (ii), suppose that f(D) is a curve
and Supp(E) is not connected. Then the above proof shows that E is
isomorphic to Ey,y′ for y 6= y′ given by (81).
The following is the main result in this section:
Theorem 5.21. We have the following:
• If f(D) is a curve, then Y is one of the irreducible components
of the coarse moduli space of S-equivalence classes of objects in
MσB,f∗ω([Ox]).
• If f(D) is a point, then Y is the coarse moduli space of S-
equivalence classes of objects in MσB,f∗ω([Ox]).
Proof. We first discuss the case that f(D) is a point. The statement is
equivalent to that Y corepresents the functor (cf. [18, Definition 2.2.1])
MσB,f∗ω([Ox]) : Sch/C→ Set(82)
which assigns a C-scheme S to isomorphism classes of objects
Q ∈ DbCoh(X × S)(83)
such that for each s ∈ S, its derived restriction Qs to X × {s} is an
object in Per0(X/Y ) with ch(Qs) = ch(Ox). Let us consider the object
R(f × idS)∗Q ∈ Coh(Y × S).
The above object is a flat family of skyscraper sheaves of points in
Y over S. Hence it induces a morphism S → Y , giving a natural
transformation
FY : MσB,f∗ω([Ox])→ Hom(∗, Y ).
Suppose that there is another C-scheme Z and a natural transformation
FZ : MσB,f∗ω([Ox])→ Hom(∗, Z).(84)
By applying FZ to the family {Ox}x∈X , we obtain a morphism
g : X → Z.
Note that any two S-equivalent objects in Per0(X/Y ) are mapped to
the same point by FZ(SpecC). (cf. [18, Lemma 4.1.2].) Therefore by
Proposition 5.19 (i), g(D) must be a point in Z. Since f∗OX = OY ,
the morphism g descends to the morphism from Y ,
h : Y → Z.
We need to show that
h∗ ◦ FY = FZ .
The above relationship follows from Proposition 5.19 (ii). Hence Y
corepresents the functor (82).
In the case that f(D) is a curve, we consider the scheme
Y˜ := Y ∪ (f(D)× f(D)),
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where Y and f(D)× f(D) are glued along f(D) ⊂ Y and the diagonal
f(D) ⊂ f(D)×f(D). The scheme structure of Y˜ along the intersection
is given by the fiber product
OY˜ = OY ×Of(D) Of(D)×f(D).
Note that for p ∈ f(D), the ring ÔY˜ ,p is written as
ÔY˜ ,p ∼= C [[x, y, z, w]] /(xz, yz).
We show that Y˜ corepresents the functor (82). Let S, Q be as before,
and S1, · · · , SN be the irreducible components of S. If SuppQs is
connected for general (hence for any) point s ∈ Si, then we have the
morphism Si → Y induced by the flat family of skyscraper sheaves on
Y over Si,
R(f × idSi)∗(Q|X×Si) ∈ Coh(Y × Si).(85)
If SuppQs is not connected for general s ∈ Si, we consider another
object
R(f × idSi)∗(Q|X×Si(−D × Si)) ∈ Coh(Y × Si).(86)
The objects (85), (86) are flat families of skyscraper sheaves of points
in f(D) over Si, hence induce a morphism
Si → f(D)× f(D).
The above morphisms on irreducible components glue on the intersec-
tions, so induce a (unique) morphism S → Y˜ . In this way, we obtain
a natural transformation
FY˜ : MσB,f∗ω([Ox])→ Hom(∗, Y˜ ).
Suppose that there is another natural transformation FZ as in (84).
Similarly to the case that f(D) is point, FZ ({Ox}x∈X) induces the
morphism Y → Z. Also applying FZ to the family
{Ey,y′}(y,y′)∈f(D)×f(D)
given by (81), we obtain a morphism
f(D)× f(D)→ Z.
These morphisms glue along the intersection, giving a morphism h˜ : Y˜ →
Z. Similarly to the case that f(D) is a point, the relationship
h˜∗ ◦ FY˜ = FZ
follows from Proposition 5.19 (ii) and Remark 5.20. Therefore Y˜
corepresents the functor (82), and Y is the desired irreducible com-
ponent. 
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Remark 5.22. Since Proposition 5.19 (ii) is not true when f(D) is
a curve and Supp(E) is not connected, the statement of Theorem 5.21
is weaker in this case. Indeed the objects Ey,y′ in (81) provide another
component f(D)× f(D).
Remark 5.23. Let us consider a conjectural Bridgeland stability con-
dition in (71), and a category PB,f∗ω−εD(1) defined similarly to Def-
inition 5.11. Then X is shown to be the fine moduli space of objects
E ∈ PB,f∗ω−εD(1) with ch(E) = ch(Ox). If the relation (72) holds, then
we can consider a one parameter family
σt = (ZB,f∗ω+εtD,Pt), t ∈ (−1, 1),
similarly to the surface case. The behavior of moduli spaces of E ∈
Pt(1) with ch(E) = ch(Ox) under change of t ∈ (−1, 0] is similar to the
surface case in Theorem 3.16, by Theorem 5.21. On the other hand,
it would be interesting to study such a moduli space for t > 0. The
moduli space itself may be studied by investigating the space of stability
conditions on Db(Per0(X/Y )), which is much easier than Stab(X).
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